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Focal length of an imaging system is an important parameter as it determines its gathering power, numerical aperture
and resolution. Its determination becomes very difficult as one of the planes is not physically accessible. A number
of methods have been developed that measure either the effective focal length or the back focal length. The objective
of the present paper is to discuss various methods that have been investigated and reported in the literature. © Anita
Publications. All rights reserved.
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1 Introduction

Focal length of an imaging system is a very important parameter as it controls the magnification,
gathering power, resolution directly or indirectly. The focal length is the distance between the focal plane and
corresponding principal plane. Focal plane is a physical plane and is accessible for measurement. Principal
plane is a mathematical plane and is not accessible physically. Therefore, the determination of focal length
poses problems. Further, the procedure tends to be more complex if the magnitude of focal length is either
very small (~mm) or very large (~several meters). If focal length is to be measured with high accuracy, the
measurement procedure tends to be more complex and expensive.

The paper describes several methods of focal length measurement and also makes comments on the
accuracy of measurement.

2 What is a focal length?

Consider a thick bi-convex lens of central thickness d and bounded by two spherical surfaces of
radii of curvature of R; and R, as shown in Fig 1.

The convex lens is characterized by six planes - two focal planes, two principal planes and two
nodal planes. Their intersections with the optical axis are two focal points, two principal points and two nodal
points represented by F, F', H, H', N and N, respectively. The distances are measured from the vertices
V and V'. The distance between H and F is the front effective focal length f and the distance between H'
and F', is the back effective focal length. The distance between V and V'. is the thickness or axial distance
d of the lens. The distances measured along the direction of ray propagation are taken positive and those
opposite are taken as negative. Actual rays are shown with solid lines. The principal planes are planes of
unit lateral magnification and nodal planes are planes of unit angular magnification. Principal planes and
nodal planes are mathematical description. Various distances as marked in the Fig 1 are given below:
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Fig 1. A thick bi-convex lens: refractive index in object space is n; and in image space is n,
Various distances as marked in the Fig 1 are given below:
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The front and back effective focal lengths are given by
M M ne N, dnn
PR TRT
Here f, and f; are the front and rear focal lengths of the first refracting surface of radius of curvature R,
and f, and f, of the second refracting surface of radius of curvature R,.

This is a general case. A lens can have many focal lengths depending on the refractive index of the
medium in which it is immersed or the medium in the image space. In most of the applications, the media
in front and back of the lens are the same, i.e., n; = n,. In this case, the principal planes coincide with the
nodal planes and the front and back focal length are equal in magnitude. Further, when the optical system
suffers from aberrations, it can be assigned multiple focal lengths. In what follows, the optical systems are
assumed to be diffraction limited. .

3 Methods to measure the focal length

It may be remarked that not all the methods measure the effective focal length. Some methods
measure the back focal length, some effective focal length and some radius of curvature of the wave exiting
from the optical system. The methods are grouped under the following sub-headings:

3.1 Auto-collimation method

3.2 y'tan 6 method or Porr’s method
3.3 Focimeter

3.4 Nodal Slide method

3.5 Imaging conjugates method

3.6 Cornu method
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3.7 Moiré Deflectometry
3.8 Talbot Interferometry
3.9 Fizeau Interferometry
3.10 Diffraction at a linear grating
3.11 Shack Hartmann Sensor
3.12 Confocal arrangement
3.13 Novel Methods
3.1 Auto-collimation method

An image of the object is formed on itself in this method as shown in the Fig 2. The object could
be a point source (pin-hole) or an extended object like a mesh or a grating.
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Fig 2. A schematic of an auto-collimation method.

In the Fig 2, O is a pin-hole which is placed slightly off-axis so that its image does not fall on
itself but is slightly displaced. Mirror M retroreflect the beam from the lens under test. The lens is moved
on the optical axis until a sharp image | is formed on the object plane. The distance between the vertex of
the test lens and the image plane can be measured with a distance measuring interferometer. The method
measures the back focal length. The accuracy depends on the accuracy of the distance measuring device
and the accuracy with which the image plane is located.

Another convenient way is to use a single mode fiber for illumination as well as for receiving the
retroreflected beam. The lens is displaced until the light coupled to the single mode fiber is maximized.
This happens when the tip of the fiber is at the focal point of the test lens.

3.2 y'/tan@ method

The method uses a collimator with a reticle placed at its focal plane. The reticle may be a pair of
parallel lines with their spacing y. precisely known. It is illuminated by an incoherent source. The image
of the reticle is formed at infinity. The test lens whose focal length f' is to be measured, makes the image
of the reticle at its focal plane and the spacing y' of the lines in the image is measured with a travelling
microscope.
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Fig 3. A schematic of y/tanf method to measure the focal length of a positive lens.
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From Fig 3, we have
Ye Y

J i
£oF ——o—f'= fc%

The focal length f, of the collimator is precisely known. Therefore, the focal length of the test lens
can be measured relatively easily.

The focometer is an adaptation of y'/tand method, in which the image height y' is related to the
focal length as

y'=—ftang=f"tano’
where 6 is the angle subtended by an object at infinity. Since the media on both sides of the lens are the
same, the nodal planes coincide with the principal planes and hence 6 = #'. The uncertainty in focal length
measurements is obtained from

o T g - [yt

where u,- and u, are the uncertainties in the measurement of y' and angle ¢, respectively. This method
sometimes is called the Porr’s method.

3.3 Using a Focimeter

A focimeter consists of a collimator with a reticle placed at its focal plane. The image of the reticle
is formed at infinity. A focusing lens brings this image from infinity to its focal plane as shown in Fig 4.

Collimator Test Lens Focusing Lens
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Fig 4. Working principle of a focimeter.

When a test lens is placed at the front focal plane of the focusing lens, the image plane shifts
inwards if the test lens is positive. The distance z is the shift of the image plane, which is measured. The
focal length f' of the test lens is obtained from the expression

z

This expression is valid when both the lenses are considered thin. The role of the collimator is to
provide a collimated beam. The focal length of the focusing lens should be accurately known. The method
can be used to measure focal length of both the positive and negative lenses. The range of focal lengths
that can be measured is determined by the focal length of the focusing lens.

The uncertainty us in the measurement of focal length f' is obtained from

2 2
up = f' (g) w2 + 1) u2
fl fy 7 z

In practice, the lenses have a finite thickness and the focusing lens may be a highly corrected

lens system. It is, therefore, appropriate to consider the lenses with their cardinal points. Figure 5 shows a

schematic of a lens combination that is placed in a collimated beam.
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Fig 5. Various notations used for thick lens combination.

Initially without test lens in the collimated beam, the beam is focused at F,, which is the focal
point of the focusing lens. When test lens is inserted in the beam, the focal point shifts by z inwards to F',
which is now the focal point of the lens combination. The focal length f, of the test lens is obtained from

the expression "
fi=d-f,+ f%
The focal length is obtained by measuring d, z and f,. In fact, z is measured for several values of d.
Under thin lens approximation and the condition d = f, , it reduces to
1
fl = T
3.4 Nodal Slide
The method is based on the following
i. If the object space and image space refractive indices are identical, the principal planes coincide with
the nodal planes,
ii. A rotation about the nodal point does not rotate/shift the image.

A collimator with a reticle at its focal plane provides a collimated beam. Test lens is placed in the
collimated beam on a nodal slide. It is adjusted such that the vertex V' is on the axis of rotation. Figure 6
shows the schematic.

—_—

Collimated beam
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Fig 6. A schematic of nodal slide method.

Now the travelling microscope is focused on the vertex V' and its position is noticed on the nodal
slide scale. The travelling microscope is now translated to focus it on the image, which is formed at the
focal plane passing through F', and its position is noted. The difference between these two readings gives
the back focal distance fg'.

Keeping the microscope focused on the image, the nodal slide is translated such that the axis of
rotation passes through the rear nodal point N'. In this case, a rotation of the lens will not displace the image.
This position of the nodal slide is noted. The difference between these two positions is the distance N’ V'
This distance is added to the back focal distance to obtain the effective rear focal length f’ of the lens.
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The method involves the measurements of two distances namely V'F' and N'V' requiring that
the traveling microscope is focused at two locations and ascertaining the position of axis of rotation. The
distances can be measured quite accurately using a distance measuring interferometer. But the location
determination is by the travelling microscope whose depth of focus plays a significant role in the overall
uncertainty of the focal length measurement. The depth of focus depends on the numerical aperture, NA,
of the microscope objective. It is given by Azq,s ~ A/NA? : the numerical aperture NA is given by NA ~ 1/
(2F#). Therefore, a short focal length lens has a smaller depth of focus. However, in many a situations
longer focal length objective may be needed to access the point N'.

3.5 Measurement of imaging conjugates
3.5.1 Point object at several locations

Figure 7 shows an imaging geometry in which an object point O is imaged as an image point I.
The imaging is governed by the paraxial imaging equation

4
01 07 F: f f' »FI I |1 le o |2
. \/ zy
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Fig 7. Imaging of point sources placed at different locations.

When the object O is translated to new location Oy, its image moves to the new position 1,.The
distance z; and z;" can be measured accurately. The object is again moved to another position O, and its
image moves to the new location. The distance z, and z,' are measured. Using the measured distances z;,
24", 2, and z,', the focal length of the lens is obtained from

azd + 2§ -2, 25 (o + f)
(o= By
where o and g are: a = z,/2} and f = z,/z,. Positive root is taken as the focal length.

In a modification of this method, the point O is taken at infinity. The points O, and O, are at a
distance p; and p, from the principal planes. The images of these points are at a distance q; and g, from
the principal plane, respectively. The focal length is obtained from the formula

12

fro KLM
A K-L
where K=0;-q; L=0, -9 ; M =p, — p;. Here ¢ = f'. The uncertainty u; can be shown to be given by
1 1
Us: =§WJL4MZU,§+ K4*M2u? + K2 L2 (L-K)?ud

where uk, u, and uy, are the uncertainties in the measurements of K, L and M, respectively.

In another modification, the point source O is translated in equal steps, i.e., z; = z, = z. It can be
shown that the focal length f' is obtained as
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3.5.2 Two conjugate positions

If the distance between the conjugate positions is greater than four times the focal length of the
lens to be measured, then two positions of the lens can be found. The method involves the measurement
of the distance between the conjugate positions and the distance between the positions of the lens. Let the
distance between the conjugate positions be L and the distance between the two positions of the lens be d.
The focal length is obtained from the expression

L2 -d?
4L

It can be shown that the product of magnifications is unity. The uncertainty in focal length
measurement is obtained from
2 2,2 2.2
o e
412 |t g2
where u; and ugq are the uncertainties in the measurement of length L and length d, respectively.
3.5.3 Magnification method
Following the imaging equation, we write this in terms of the magnification as
1 1_1 q_d q
———== I-—===(1-m =f'(l-m:m=-—
(ST Tt M o—ast aemims -
Now, the object is displaced by z that results in the shift of image plane by z'. The magnification
m; is measured at this plane. Therefore, using the imaging equation we have
1 1 _1 q-7 _9-72'_ e
9=z prz ¢ gz ~A-m)—>—gq=z+ 1 (1+my)
Substituting the value of g, we obtain

fl-m=z+f(1-m)——f=

f'=

z
m; - m

The method involves measurement of one distance and two magnifications. The uncertainty in the
focal length measurement is given by

B ' 2 ! 2
e ‘j (e vare(5]

It has been assumed that the uncertainty in the measurement of m and m; is the same.
3.6 Cornu method

The test lens is illuminated with a collimated beam from a collimator with a reticle on its focal
plane as shown in Fig 8. The image of the reticle is formed by the test lens at its rear focal plane. This
image is seen by a travelling microscope and its position is noted. The microscope is translated towards the
test lens and is focused on the rear vertex V' and its position is noted. The difference between these two
readings gives the distance V'F’, which is the rear back focal distance. Now the microscope is focused on
V), which is the image of vertex V formed by the test lens. The difference between the first reading and
this reading of the microscope gives the distance V, F'.

Now the lens is flipped, and same procedure is repeated, thereby measuring the distance VF, which
is the front focal distance, and the distance V,'F, where V," is the image of V' formed by the test lens.
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The focal length is calculated from
fxf' =f2=VFxV,FF=V'FxV'F

. /
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Fig 8. V, is the image of V formed by the lens and V," is the image of V' formed by the lens.

The method involves essentially measurement of two distances which are obtained by focusing the
travelling microscope at least at four places. Assuming that the depth of focus error is exceedingly small
compared to the error in distance measurement, the uncertainty in the focal length measurement can be
expressed as

Ug
2f'
where we have used the relation f = /d; d, and taken the uncertainties in measurement of d; and d, as equal.
3.7 Moiré Deflectometry

1
uf-=ﬁjd§+u§l+df+u§2; d2+d?

The method is based on a fact that two gratings of slightly different pitches aligned with their element
parallel produce a moiré fringe pattern due to the pitch mis-match. In order to use this fact, two identical

gratings aligned with their elements parallel and separated by a distance are placed in the convergent beam
as shown in Fig 9.
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Fig 9. A schematic of moiré deflectometry — G, and G, are the linear gratings.

Let the pitch of the identical gratings G; and G, be p and the radius of the illuminated patch at
grating G; be a and at grating G, be b. Therefore, the grating G, of size 2a is projected on the grating G,
of size 2b. The pitch p' of the projected grating G, is p' = p b/a. Due to pitch mis-match, a moiré fringe
pattern is formed. The pitch d of the moiré fringe pattern is

pp' Pa b
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Further from the figure,

D 2(a-h) ,_ADd _AD

- A 7 T 2pb pn
where n (2b/d) is the number of the moiré fringes formed on the grating G,. In fact, one can count the
number of fringes as a function of A by translating grating G, and obtain the focal length from the slope
of the line. The method could be used to measure long focal lengths.

The uncertainty in the measurement of focal length is obtained as

1 1 1 1
S22 m 2 2
Uy fJAzuA+D2uD+p2up+n2un

where uy, Up, U, and Uy, are the uncertainties in the measurement of A, D, p and n, respectively.

In a modification of the technique, the gratings G, and G, with the grating elements vertical (y-axis)
are slightly rotated by a small angle (+ 6 and — 6) with the vertical resulting in the formation of a moiré
fringe pattern with fringe running horizontally i.e., parallel to the x-axis. This is achieved in collimated
illumination. When the test lens is inserted in the beam, the gratings are illuminated with a convergent
beam. If the radius of curvature of the spherical wave is R at the grating G,, then the moiré fringes make
an angle ¢ with the axis. The radius of curvature R is then obtained from

R=

fdtan¢ tA

Note that the method measures the radius of curvature and not the focal length. If the grating G,
is in contact with the lens, then it measures the back focal length.

3.8 Talbot Interferometry

The method makes use of the Talbot phenomenon. A grating illuminated with a collimated beam
reproduces itself at equi-spaced planes which are separated by the Talbot distance. It also self-images when
illuminated by a diverging or converging wave but the Talbot planes are not equi-spaced and the pitch in
the self-images is different than that of the grating.

The method uses a pair of identical gratings: second grating is placed at the Talbot plane of the
first grating and the grating is rotated slightly in its own plane thereby producing moiré fringe pattern.
Initially grating G, is illuminated by a collimated beam and grating G, is placed at its self-image plane.
Assuming the grating elements of G; and G, to be vertical (y-axis) initially, the gratings are rotated by a
small amount, £ @, in its own plane: one grating is rotated clockwise and the other grating anti-clockwise.
This forms a moiré fringe pattern in which moiré fringes are horizontal (x-axis). The pitch d of the moiré
fringe is d = p/2sin®, where p is the pitch of the grating G; or G,. This is the initial setting. Now the test
lens is introduced and is kept close to grating G; as shown in the Fig 10.
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Fig 10. A schematic of Talbot interferometry — G, and G, are gratings, Zt is Talbot distance.



10 Rajpal S Sirohi

The grating G, is illuminated by a wavefront that has a radius of curvature f,' and hence its pitch will
change. The pitch p' of grating G, at its n'" self-image plane is given by
A
~afy + np?
Assuming the focal length to be sufficiently large such that the self-image plane distance does not
change appreciably due to illumination by a convergent wave, the moiré fringe pattern is formed between

the gratings of slightly different pitches resulting in the rotation of the moiré fringe pattern. The angle of
rotation ¢ with the x-axis is given by

tan¢=p_p, cotd
p+p

and the pitch of the moiré fringes is given by

_ pp' cosg _ pp’
“p+psing (p?+ p'?-2pp cos26

d

12

The angle of rotation ¢ is measured, and the focal length is calculated from
2

. np
f, = (cotd cotg —1) 57

The expression for focal length in above equation is different than the reported expression, which
is obtained when one of the gratings G, is vertical and the other grating G, is inclined at an angle 6 with
the vertical.

The method measures the back focal length of the lens. It is a convenient method to measure long
focal lengths.

The uncertainty in the measurement of back focal length can be obtained from the formula

u :f-( 1 )Z[(cot(p)z , (cote)2 2} 1,2 1,
W7 [\eoto cotg— 1) Lsinzgl U9 F \sinzg) Y61 T 2t T o7 Up 2 U

Talbot interferometry can also be used for focal length measurement in another way. It is essentially
an extension of a method described under section 3.5.1. Figure 11 shows the schematic of the method. A
grating G is placed in a collimated beam. Self-images of the grating which are equi-spaced are formed.
The separation between the consecutives self-images is the Talbot distance Z;. Test lens images these self-
images according to the lens equation. The location of these images is found using another grating that forms
the moiré pattern. It may be noted that the orientation and the pitch of moiré fringes will be different for
different images due to pitch mismatch caused by lens magnification. In contrast to the method discussed
in section 3.5.1, Talbot phenomenon provides equi-spaced objects positions for imaging by the test lens.

Collimator

Test Lens

[
[
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< G Self-images z5

Fig 11. Self-images as objects for measuring focal length.
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3.9 Fizeau Interferometry

A lens changes the curvature of incident wave and Fizeau interferometry converts this curvature of
the wavefront into circular interference fringes. Figure 12 shows a schematic of a Fizeau interferometer. A
collimator provides a collimated beam, a part of this beam is reflected by a reference surface R, which acts
as a reference beam. This beam, on reflection from a beam splitter, falls on the screen. The collimated beam
is brought to focus by the test lens. A mirror placed at the focal plane of the test lens will retro-reflect it.
This beam, on reflection from the beam splitter falls on the screen where an interference pattern is observed.
By manipulating the mirror, a fringe free field (uniform irradiance) is obtained. This is the null condition
and arises due to interference between the two collimated beams propagating along the same direction. If
the mirror is displaced by an amount d from this position, the reflected beam will appear arising from a
point source which is 2d distant from the focal point and hence the wave exiting from the test lens will be
a convergent wave. Superposition of a convergent wave and a collimated wave will produce a Newton’s
ring type fringe pattern.

It can be shown that when the point source is displaced away from the focal point by Af, the radius of
curvature R of wave after transmission through the lens of focal length f will be f ( f + Af )/Af and the wavefront
will be converging. An expanded version of the beams near the mirror under two different conditions is
shown as a sub-set. The amplitude u(x, y) of the wavefront on the screen is expressed as

2 + 2
X2+ YI2R) — gk fX(HVZd)

u(x, y) o el
where d is the displacement of the mirror away from the focal plane. A collimated wave generated by the
reference surface R and the convergent wave u(x, y) interfere to produce circular fringes on the screen. The
interference condition can be expressed as

Xy -

— 2 __d=ml

f(f+2d)
where m is the fringe order and 4 is the wavelength. The radius r,, or the diameter D, of the m" fringe is
expressed as

rr%:m,{

From this, we obtain

f(f+2d) f(f+2d)

or D3 =4m.

D2+n - DA
f2+2fd-—"——"-d=0
4ni
From this the focal length is obtained as

2 2
f=—d+d |1+ Pmn=Dn
dnld
However, if the mirror is moved by d towards the lens, the focal length is obtained from

2 2
f=d+d [q 4 Dim =D
4nid

where D,2 is the diameter of the I'" ring formed in the second interference pattern. When both the interference
patterns are utilized, the focal length can be expressed as

f:9U1+ D%+n-D,%+/1+ Dhp - Df
2 Anid Anid

If the focal length of a negative lens is to be determined, additional optical component of an
appropriate and known curvature or focal length is needed. It can be either a mirror or a positive lens.
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Fig 12. A Fizeau interferometer to determine the focal length of a positive lens.
3.10 Diffraction at a linear grating

A linear grating of pitch p with its elements parallel to y-axis is illuminated by a collimated beam
and the diffracted waves are collected by the test lens as shown in Fig 13.
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Fig 13. Diffraction at a grating.

Diffraction pattern consisting of bright spots is formed at the back focal plane. The diffraction
condition is

psinG,=m2i
where 6, is the angle with the optical axis of the m" diffraction order and is expressed as,
. Ym Ym 1 Ym
siné, =

YR+ F L+ RIEP T (1 +y2)e
where y,/f"' = Ym is the normalized coordinate. Hence
pPYm
———=m
(1 + yn?)lIZ m
From this equation, we obtain

p sin 6, =

2 92
From this B
f':y (p2_m2/12)1/2:ymp(1_m2/12)
m mA - mAi 2 pz

The focal length is obtained by measuring the locations of the diffraction spots. The uncertainty
in the measurement of focal length is obtained from the expression
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The Shack-Hartmann sensor consists of a lenslet array and a detector at its focal plane. The lenslet
array breaks up the incident wavefront into small sub-apertures. The key assumption is that, over each sub-
aperture, the only wavefront variation is local tilt. The tilt is measured by measuring the displacements of
the focal spots of each lenslet from their reference positions. This information is used to build the wavefront
incident on the lenslet array.

Figure 14 shows a schematic of the experimental se-up that can be used to measure the focal
length of a positive lens. The radius of curvature of the wave incident at the Shack-Hartmann sensor is
used to measure the effective focal length. The radii of curvature are measured for many locations of the
point source P on the optical axis of the test lens and statistical analysis is used to obtain the focal length.
Detailed procedure is described in references under Shack-Hartmann Principle.

Lenslet Array

—
T ~
-~
-

L
P ‘ -

A
Detector Array
Fig 14. A schematic to measure focal length using a Shack-Hartmann sensor.

3.12 Confocal Method

It is to be noted that most of the methods used for measuring focal length require the detection of
back focal plane. There are a number of methods that can be used to locate the plane. One of the methods
uses laser speckle phenomenon. As the ground glass surfaces approaches the focal plane, the speckle
size keeps on increasing and it becomes very large at the focal plane. In another method, a defocus of 1
wavelength from the true focus results in a dark spot on either side of the focus. These two planes of 1
wavelength defocus can be located, and the true focal plane is midway between them. However, several
methods use the confocal arrangement which has strong depth discrimination ability. Methods using this
arrangement fall under this category and provide high accuracy of measurement.

3.13 Novel Methods
There are several methods that do not fall under any of the categories described above. For the

sake of completion these have been grouped together as references 49 to 70. Readers, if interested, may
explore them.
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