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Effect of primary aberrations on tight focusing of second order radially polarized beam is investigated using vector
diffraction theory. A detailed analysis on the effect of spherical aberration on the focal structure of the second order
radially polarized beam is carried out and results are compared with the first order radially polarized beam. It is
demonstrated that the optical cage structure of the second order beam is highly sensitive to spherical aberration in
addition to the truncation parameter of the beam. Susceptibility of the optical cage structure to astigmatism and coma
is also investigated. © Anita Publications. All rights reserved.
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1 Introduction

In recent times, a considerable amount of interest has grown in studying the three dimensional
structure of the optical beams in the focal region of high numerical aperture (NA) systems. Amongst all
optical beams, radially polarized laser beams generate strong longitudinal electric field at the focal point
in case of tight focusing [1-9]. The applications of such tightly focused beams are found in increasing the
resolution in microscopy and create evanescent Bessel beam via surface plasmons [4,10]. Also, tightly
focused radially polarized beams have a great importance in optical trapping, material processing, particle
acceleration and data storage to name a few [11-13]. Most of the mentioned applications use first order
radially polarized, R-TEM,; (R stands for radial polarization) beam [1-4]. Later, it has been found that
double ring shaped second order radially polarized mode, R-TEM;; [14-17] can generate a sharp focal spot
of longitudinal component in comparison to R-TEM,; beam. The sharp focal spot in case of R-TEM;; beam
is due to the destructive interference occurring between the inner and outer rings with « phase shift [18-22].
The usefulness of the sharp focal spot generated by R-TEM;; beam has been demonstrated using the laser
scanning confocal microscope [23].

The quality of the focused beam near the focal spot of a high NA is extremely important to widen the
practical applications of radially polarized beams. In high NA systems, the shape and structure of the tightly
focused beams is strongly affected by the aberrations [24-29]. In order to improve the shape and structure
of the tightly focused beams, it is important to study the structure of tightly focused beams in presence of
aberrations. To this end, Biss and Brown [26] investigated the effect of primary aberrations on a tightly
focused first order radially polarized beam and to the best of our knowledge no such investigations seems
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to exist for second order radially polarized beams. In the present paper, we investigate the effect of primary
aberrations on the tight focusing of the second order radially polarized beam. The primary aberrations include
spherical aberration, astigmatism and coma. The intensity distributions near the focal point of a second order
radially polarized beam in presence of spherical aberration are discussed in details for different truncation
parameters. The results are compared with those of the first order radially polarized beam. It has been shown
that in the absence of aberrations and for a particular value of truncation parameter an interesting optical
cage like structure is observed at the focal spot. The effects of astigmatism and coma on the tight focusing of
second order radially polarized beam especially on the optical cage like structure are also discussed.

2 Theoretical Explanation

The complex amplitude of higher order beam at the incident plane of a high numerical aperture
(NA) focusing system (see Fig. 1) can be written as [ 18]:
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where 0 is the focusing angle (the angle between the optical axis and the given ray) as defined in Fig 1. a is the
maximum angle of convergence (o = 0,,,,). The maximum convergence angle and NA of the tightly focusing
system are related as NA = n sin(0,,,,) = 7 sin(a). Llp is the generalized Laguerre polynomial and here / and
p represent the azimuthal and radial index. In the present paper, we use /=2 and p=0, 1. In Eq (1), f = a/®
is the truncation parameter which represents the fraction of the beam inside the physical aperture with
as a parameter for the beam size. In the present case, the entrance plane of the focusing system sketched in
Fig 1 is assumed to be coincided with the waist plane of the beam and amount of the incident beam passing
through the focusing system is controlled by the truncation parameter, 3. In the present study, because of the
dominating role of polarization in focusing the radially polarized beams with high NA systems [1-9], scalar
diffraction theory does not give accurate results, so Debye-Wolf integral [30] is used to represent the field
distribution in the focal region. Considering the focusing geometry shown in Fig 1 and using Debye-Wolf
integral, the Cartesian components of the complex field in the focal region of a high NA focusing system is
given [1,30] as:
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In Eq (2), 4 is a constant, A is wavelength, fis focal length, ¢ is azimuthal angle, k =2z /A is wave
number, S represents the direction vector of a typical ray in focal plane, cos'?0 represents the apodization
factor for an aplanatic focusing system. @ represents the wave aberration function that denotes the deviation
of the actual wavefront from the ideal wavefront. The value of @ in presence of primary aberrations and
defocusing is defined as,
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where the coefficients A, A, A, and A, represent the strengths of spherical aberration, defocusing, astigmatism
and coma in the units of wavelength of input light.
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Fig 1. Geometric configuration of the problem. S(r,0,,;) is the observation point at the focal plane
where 7,0,¢, denote the cylindrical coordinates at the focal plane.

In Eq (2), P(8,0) represents the polarization matrix that describes the coordinate system rotation that
generates the electric field components after the lens. The polarization matrix at the exit plane of the focusing
system P(6,0) can be written as:

cos@cos¢@

P(0,4)=| cosOsin ¢ “)
sin @

Using Eq (2), we have obtained the Cartesian components of the electric field and reconstructed

the local radial, azimuthal and longitudinal components of the complex electric field through the following
transformations [1]:

E, (r,z)=E.(r,z)cosg, + E, (r,z)sing
E, (F,z)=E,(F,z)cos ¢, — E,(F,z)sing, (%)
E (F,z2)=E, (F,z)

The resultant electric field and its intensity in the focal region are given as:

E(F,z)=E,(F,2)é, + E;(¥,2)é, + E.(F,z)é. (6)

EG,2)[ =|E,F.2) +|E,(7.2) +]E.(F.2) 7

where €,, €y and €, are the unit vectors along the radial, azimuthal and longitudinal directions, respectively. In
our numerical evaluation, spatial coordinates are in the units of wavelength of light. Constant 4 is determined
in such a way that the truncated beam carries same optical power in the entrance pupil for all modes. Optical
power of a truncated second order radially polarized (R-TEM;) beam with B =2 and 4 = 1 is considered as
standard and is used for normalization for R-TEM,; mode.
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3 Results and discussion

After obtaining the complex amplitudes of tightly focused radially polarized beams of first and
second orders respectively from Eq (1) and Eq (2), the total intensities of radial and longitudinal polarization
components are investigated for a focusing system. Table 1 shows the full width at half maximum (FWHM)
values of the focal spot obtained for free space (n = 1.0) with two values of NA for radial and circular
polarizations, respectively and it can be seen that in presence of spherical aberration, the FWHM decreases
with increasing Numerical Aperture (NA). Also, the secondary lobes for the circularly polarized TEM;; (C-
TEM;) beam are very dominant but it reduces in presence of spherical aberration and these results show
very intricate relation of truncation parameter, modes and spherical aberration and polarization on tightly
focused structure. We compared our results with that of tight focusing of R-TEM,; beams and they agree
well for aberration-free cases with the values reported in literature [2,18-20] and results of first order radially
polarized beam in presence of aberration with the values reported by Biss and Brown [26].

Table 1. FWHM of the focal spot in free-space (n =1)

Full Width at Half Maximum (FWHM) (A ™)

Beam Radial Polarization Circular Polarization

Mode R-TEMy, (for B =1.3) R-TEM,, (for B =2) C-TEMy, (forp=1.3)  C-TEM,, (for p=2)

A=00 A,=05 A=00 A=05 A,=00 A,=05 A,=00 A,=05
NA=08 1352 1.972 0.782 0.954 0.69 0.80 0.52 0.63
NA=10  0.560 0.826 0.440 0.484 0.58 0.69 0.57 0.56

3.1 Effect of spherical aberration

In this section, results of numerical evaluations obtained for tight focusing of R-TEM,; beam for
values of p =2.0 and 1.3 in presence of spherical aberration with different strengths are reported. Figure 2(a)
to Fig 2(1) show the structure of the R-TEM; beam at the tight focusing spot for NA=1.2, n=1.33 in terms of
total intensity distribution and intensity of radial and longitudinal polarization components at the focal plane
for values of spherical aberration 4, = 0, 0.5, and 1.5; when [ = 2. It can be seen that for different degrees
of aberration levels in Fig 2 the amplitude scale changes. When comparing the image figures in the present
paper, note that the amplitude scale changes between plots have different degrees of aberration. Figure 2(a),
Fig 2(b) and Fig 2(c) show that the tight focusing of R-TEM;; beam produces sharp peak at the focal point
and the longitudinal polarization component, | £, | dominates when there is no spherical aberration (4, = 0) and
in a similar way Fig 2(d), Fig 2(e) and Fig 2(f) show the results of the tight focusing when 4, = 0.5 and
Fig 2(g), Fig 2(h) and Fig 2(i) show the results for 4, = 1.5, respectively. It is clear from these results
that when the strength of the spherical aberration increases, the strength of the longitudinal polarization
component |E,|> reduces and |E|?, |E,|* and |E,|* values spread over a significant region in the focal plane. It is
also observed from Fig 2 that the strength of the longitudinal component (|E,|?) is high in comparison to the
radial polarization component (|E,]%) at the focal point when spherical aberration (4,) is 1.5. But, |E,|* gains
strength in comparison to the |E,|> component at the non-focal point regions and this makes a small dip in |E]?
around the focal point as shown in Fig 2(g). In a similar way, the intensity distributions of |E?, |E,|? and |E_*
in the x-z plane are shown from Fig 3(a) to Fig 3(i) for various spherical aberration values 4,= 0.0, 0.5 and
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1.5 respectively. It can be seen from Fig 3 that the maximum peak values of |E|> and |E,|* lie at the focal point
for A;=0.0 (Fig 3(a) to Fig 3(c)) and the maximum peak shifts away from focal points for A,= 0.5 (Fig 3(d)
to Fig 3(f)) and 4= 1.5 (Fig 3(g) to Fig 3(1)), respectively.

Fig 2. Structure of the R-TEM;, beam with p = 2 at the focal spot for NA = 1.2, n = 1.33; 4, = 0.0 (a) |E(r)]* (b)
B0 () [EL0); 4, = 0.5 (d) [EM)F (e) [Er)* (F) [EL 05 4, = 1.5 () [E()F () [EL) (i) [E0)]

Similar analysis is also carried out for R-TEM;; beam with B = 1.3 in presence and absence of
spherical aberration (4,). The results are shown from Fig 4(a) to Fig 4(i) for 4,= 0.0, 0.5 and 1.5, respectively.
It can be observed that zero intensity occurs at the focal point for 4,= 0.0 as shown from Fig 4(a) to Fig 4(c),
which is in agreement with the results of Kozawa and Sato [18-20]. The peak intensities of |E,|> and |E,*
components are located at 0.64A and 0.44A from the focal spot as shown in Fig 4(b) and Fig 4(c), respectively.
The ratio of peak strengths of the longitudinal and radial polarization components is 0.34 for 4,= 0.0. The
intensity distributions of |E| |E,|? and |E.|* at the focal plane of R-TEM, beam are shown in Fig 4 (Fig 4(d)
to Fig 4(i)) when B = 1.3 for 4, = 0.5 and 4, = 1.5, respectively. The Figs 4(d) , 4(c) and 4(f) show that due
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to presence of spherical aberration (4, = 0.5), the null values of central intensity disappears and focal spot
shrinks with restructuring of |E,|> and |E,]*. For 4;= 0.5, |E,|> component maintains zero at the focal point
but primary ring shrinks and lies at 0.41A. On the other hand, zero value of |E_|* at the focal point is changed
into the sharp peak and FWHM value of |E,|? equals to 0.41) for 4, = 0.5. The ratio of peak strengths of the
longitudinal and radial polarization components becomes 1.85 for A; = 0.5. Another observation is that in
Fig 4(g), 4(h) and Fig 4(i) the strength of |E.|> decreases with increase in the spherical aberration and the
ratio of the peak strengths of longitudinal and radial polarization components becomes 0.34 for 4, = 1.5. The
central dip shown in Fig 4(g) is due to high strength of |E,|> around the focal point in comparison to |E,|* . The
intensity distributions of |E|*, |E,* and |E,| of R-TEM,, beam in the x-z plane at focal point are shown in Fig 5
for different strengths of spherical aberration values (4, = 0.0, 0.5 and 1.5) when  =1.3.

Fig 3. Structure of the R-TEM;; beam at the focal spot in x-z plane with B =2, NA=1.2 and n =1.33; A;=0.0
(@) [E(r.2)f (0) [Edr.2) (¢) [Er2)f; 4, = 0.5 (d) [E(r2)f (e) [Er2)]* () [ELr2)s 4, = 1.5 (2) [E®2) (h) [Ef(r,2)]
(i) [E(r2)
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Fig 4. Structure of R-TEM; beam with § = 1.3 at the focal spot for NA= 1.2, n=1.33; 4,=0.0: (a) [E(r)]* (b) |E,(r)]*
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The tight focusing of R-TEM;; beam makes an optical cage like structure in aberration free case
(4, = 0.0) and this optical cage like structure disappears in presence of aberration (4, = 0.5 and 1.5) due
to shifting of the peak intensity from the focal plane and can be observed clearly from Fig 5(d) to Fig 5(f)
for A; = 0.5 and from Fig 5(g) to Fig 5(i) for 4, = 1.5, respectively. From these results (Fig 3 to Fig 5), it is
observed that focal structure of the second order radially polarized beam is not only sensitive to truncation
parameter 3 but also to the spherical aberration (4,). Then, numerically we investigated the effect of truncation
parameter, f3 at the tight focusing spot. The effect of the variation of truncation parameter () on the strength
of the longitudinal polarization component at the focal point (z = 0), i.e., |E.(0)?, for R-TEM,,; and R-TEM,
beams is investigated at the focusing and defocusing planes in presence of spherical aberration value 4, =
0.5. The evaluations are carried out by varying 3 values in the range between 0 < § < 2.0 and the results are
shown in Fig 6. The strength of the longitudinal component, (|E, (0)]*) normalized by its peak value decreases
with increasing values of B for aberration free case (A= 0.0) as shown in the plot (a) of Fig 6(i). The overall
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strength of the longitudinal component, (|E, (0)]*) of R-TEM,, beam decreases with increasing presence of
the spherical aberration (plots (b) and (c) of Fig 6(1)), except in the central range of B values. In Fig 6(i), the
plot (b) shows the compensation of the effect of spherical aberration by the presence of defocusing effect
(4,=—A,/2), whereas plot (c) in Fig 6(i) shows the variation of (|E, (0)*) with B in presence of only spherical
aberration i.e. when the defocusing coefficient, 4; = 0. The influence of spherical aberration is significant in
the central range of  values.

-3

1

é
T 7/ 2

Fig 5. Structure of R-TEM;; beam at the focal spot in x-z plane with f = 1.3, NA= 1.2 and n = 1.33; 4, = 0.0 (a)

[E(r.2), (b) [Er.2)P, (¢) [EL2); 4, = 0.5 (d) [E(2)P, (¢) [Edr.2), (D) [ELr2)]*; 4, = 1.5, (2) [E(2), (h) [Edr2)7,
(i) [E(2)]

The variation of the longitudinal component, (|E, (0)]*) of R-TEM;, beam with the variation of
the truncation parameter, 3 is shown in Fig 6 (ii) in presence and absence of spherical aberration. It can be
observed from the plot (a) of Fig 6(ii) that when 4,= 0.0, the intensity of the longitudinal component reduces
with an increase in the truncation parameter and reaches to zero at = 1.3 and the dip in the plot corresponds
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to the formation of the optical cage like structure. Strengthening of (|E, (0)|*) takes place in the range of 1.3
< B < 2.0, but it starts reducing again when B > 2.0. Similarly, the variation of (|E, (0)|?) with B for 4, = 0.5
and 1.5 is shown in plots (b) and (c) of Fig 6(ii). These results are similar to the plot (a) of Fig 6(ii) except for
small deviation in the central region of § where intensity zero disappears. When the defocusing parameter is
introduced (4, = — 4,/2), the effect of the spherical aberration is compensated to some extent and is evident
from the plot (b) of Fig 6(ii).

1

Fig 6. Variation of the longitudinal polarization component at the focal point (|E,(0)|?) with the truncation parameter
(B) forNA=1.2,n=1.33;

(i) R-TEMy, and (a) A,= 0.0, Ay = 0.0; (b) A, = 0.5, Ay = —AJ2; (c) A, = 1.5, Ay= 0.0
(i) R-TEM, and (a) A,= 0.0, Ay = 0.0; (b) A, = 0.5, Ay=~AJ/2; (c) A, = 1.5, Ag= 0.0
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Fig 7. Variation of Full Width at Half Maximum (FWHM) of |E,J> with B for NA = 1.2, n = 1.33. (i) R-TEM: (a)
A=0.0,A4=0.0; (b) A= 0.5, Ag=—-Ay2; (c) A= 1.5, A4= 0.0; (ii) R-TEM,;: (a) A= 0.0, A4= 0.0; (b) A=10.5,
Ag=-AJ2; (c)A=1.5,A4=0.0
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Fig 8. Profiles of the tightly focused radially polarized beams at z =0 for NA = 1.2 and n = 1.33. Total intensity
(red solid), longitudinal (black dotted) and radial polarization (blue dotted) components are drawn in each figure.
R- TEM;;: (a) A; = 0.0 (b) A;= 0.5 (c) Ag= 1.5 for B =2.0; R- TEM;;: (d) A= 0.0 (¢) A;=0.5 (f) A, = 1.5 for B
=1.3; R- TEMy; : (g) A;=0.0 (h) A;=0.5 (1)) A;=1.5for p=1.3.

Another analysis carried out is the change in the focal spot of the intensity distribution of longitudinal
polarization component, (|£,|?) for different B values and for the R-TEM,, and R-TEM; beams, respectively.
The plots obtained are shown in Fig 7(i) and Fig 7(ii), respectively in which the full width half maxima
(FWHM) values are measured to check change in the longitudinal polarization focal spot. The FWHM of
the R-TEM,,; beam increases with increasing truncation parameter f and is significant for the region § >
1.4 (shown in plot (a) of Fig 7(i)). The influence of the spherical aberration on FWHM in presence (4, =
—A/2) and absence (4, = 0) of defocusing is shown in the plots (b) and (c) of Fig 7(i), respectively. It can
be observed from the plot (b) of Fig 7(i) that the defocusing (4, = —4,/2) compensates the effect of the
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spherical aberration on FWHM. The variation of FWHM of R-TEM;; beam with B is shown in Fig 7(ii) and
is significantly different from the results of R-TEM,; beam. The FWHM of R-TEM;; beam when 4, = 0,
is shown in the plot (a) of Fig 7(ii). The FWHM of R-TEM/; beam is smaller than that of R-TEM,; beam
when f > 2. The influence of defocusing and spherical aberration on FWHM of the longitudinal component
is shown in the plots (b) and (c) of Fig 7(ii). From Fig 7 it is also evident that the formation of optical cage
like structure depends on the truncation parameter and strength of the spherical aberration (Ay).
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Fig 9. Structure of the R-TEM;; beam with B = 1.3 at the focal plane for NA = 1.2, n = 1.33. Effect
of astigmatism: on [E,r)]* (a) A, = 0.5, (b) A, = 1, (c) A, = 1.5; on [E(r)]> (d) A, = 0.5, (e) A, = 1,
(DA, =1.5;0n[EP(2) A,=0.5, (W) A, =1, (i) A, = L.5.
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The profiles of the total intensity and intensity of the radial and longitudinal components of the
tightly focused R-TEM,,; and R-TEM,; beams at z= 0 for NA = 1.2 and n = 1.33 at the focal point are plotted
in Fig 8. The results are normalized by the peak intensity of R-TEM;; mode when 3 = 2.0 for aberration free
case (4, = 0). Figures from 8(a) to 8(c) are plotted for R-TEM;; beam with § = 2.0 when 4, = 0.0, 0.5 and
1.5, respectively. Figure 8(a) shows that |E,|* dominates in shaping the focal structure of the beam, when
there is no spherical aberration (A = 0). The spherical aberration values affect the longitudinal component,
|E,|* as shown from Fig 8(b) and Fig 8(c) for 4,= 0.5 and 1.5, respectively. The value of |E,|* reduces for A, =
1.5 and the peak value of radial component |E,|? is nearly same as that of the longitudinal component (|E_[?).
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The results obtained for R-TEM; beam with § = 1.3 are shown from Fig 8(d) to Fig &(f). It is observed from

Fig 8 that the focusing of R-TEM;; beam with § = 1.3 forms an optical cage like structure in the absence of
aberration. In this case, |E,|> component is weak at non-focal points in comparison to the |E, |* component
but |E,]* gains its strength at the focal point when A, = 0.5 and this results in deformation of the optical cage
like structure as shown in Fig 8(e). Again, |E,|* loses its dominance in focal shaping for A4, = 1.5, and a dip
appears in the total intensity plot. Therefore, existence of the optical cage like structure is highly susceptible
to both spherical aberration and truncation parameter values of the second order radially polarized beam.
Figure 8(g), Fig 8(h) and Fig (i) show the profiles of R-TEM,, beam and the FWHM of |E,|* for R-TEM,,
beam is 0.39X in contrast to 0.56A of R-TEM;; beam when there is no spherical aberration (4, = 0). The
FWHM values of total intensity, |E|* for R-TEM,; and R-TEM,, beams are 0.64 A and 0.67A, respectively.
When spherical aberration is introduced with A= 0.5 and 1.5, respectively then, spreading of the focal spot
occurs with a reduction in the peak value of the longitudinal component. At the same time, the strength of the
radial component increases in presence of spherical aberration and becomes prominent whenever A= 1.5

(Fig 8(i)).

3.3 Effects of astigmatism and coma
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Fig 10. Effect of coma on the structure of R-TEM;; beam with = 1.3 at the focal plane for NA =1.2, n = 1.33.
[EL0)F: () Ay = 0.5, (0) Ay = 1, (¢) A, = 1.5; [E(0)*: (d) A, = 0.5, () A, = 1, () A, = 1.5; on [E[ (2) A, = 0.5, (h)
A, =1,(1)A,=15.
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In this section, we investigated the effect of astigmatism and coma on the tight focusing of R-TEM,
beams for NA = 1.2, n = 1.33 and = 1.3, where we observed the optical cage like structure. Figures from
9(a) to 9(c) show the longitudinal component value i.e |EZ|2, Figs from 9(d) to 9(f) show the radial component
valuei.e |E,* and Figs from 9(g) to 9(i) show the total intensity in the transverse plane of the focused R-TEM
beam for varying values of astigmatism, 4,= 0.5, 1 and 1.5, respectively. It can be observed from Fig 9 that
the astigmatism introduces asymmetry in the optical cage like structure and the asymmetry increases with
increase in the strength of the astigmatism. The asymmetry can be explained due to the fact that vertically
polarized tangential ray fan and horizontally polarized sagittal ray fan have different foci which can also
introduce a phase shift between the two ray fans [26]. Figures from 10(a) to 10(c) show the longitudinal
component, |E,|?, Figs from 10(d) to10(f) show the radial component, |E,* and Figs from 10(g) to 10(i) show
the total intensity in the transverse plane of the focused R-TEM,; beam for varying values of coma, 4. = 0.5,
1 and 1.5, respectively. It can be observed from Fig 10 that coma destroys the rotational symmetry of the
optical cage like structure and the rotational asymmetry increases with increase in the strength of the coma.
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Fig 11. Normalized intensity at the centre of the optical cage structure as a function of the strength of
coma (open squares) and astigmatism (solid circle).

To see more clearly the effects of astigmatism and coma on the intensity variations of the focal
spot especially on the optical cage structure, we have calculated the ratio between the maximum intensity
of the focal spot and the intensity at the centre of the optical cage like structure for different strengths of
astigmatism and coma and the results are shown in Fig 11. It is clearly seen from Fig 11 that the variation of
the intensity ratio is asymmetric in case of coma in comparison with astigmatism. The intensity ratio is high
for coma than astigmatism and it shows that the intensity at the centre of the optical cage structure increases
with increase in the strength of coma due to increase in the rotational asymmetry and also size of the focal
spot. It can also be observed that the intensity ratio gets highest value more quickly in case of astigmatism
than coma due to rapid variation in the foci of tangential ray fan and sagittal ray fan.

4 Conclusion

We have investigated the effect of primary aberrations on tight focusing of second order radially
polarized beams. The intensity distributions near the focal point for second order radially polarized beam
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with spherical aberration are discussed for different truncation parameters. The results are compared with
those of first order radially polarized beam. It is demonstrated that focal structure of the second order radially
polarized beam is susceptible to both spherical aberration and truncation parameter values. It is also shown
that the symmetry of the optical cage like structure in the focal plane depends on strength of astigmatism and
coma.
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