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Multi-pass, multi-beam and multi-wavelength optical interferometries

Rajpal S Sirohi
Department of Physics
Alabama A&M University, Huntsville, AL 35802, USA

This article is dedicated to Prof Kehar Singh for his significant contributions to Optics and Photonics

Optical interferometry is perhaps the oldest precision measurement technique that has evolved in its various variants
due to the developments in optical sources and detector systems, and varied applications. Some of the variants are
developed to enhance the accuracy of measurement and also the ease of measurement. This paper discusses the theory
of multi-pass, multi-beam and multi-wavelength interferometries. © Anita Publications. All rights reserved.
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1 Introduction

Interferometry is a technique of precise measurement that is based on wave-phenomenon: two
or more waves are superposed. When light waves are superposed, it is called optical interferometry.
Interferometry measures the phase difference and hence the measuring stick is the wavelength. Many diverse
processes can alter the phase of light wave and hence large number of parameters can be indirectly measured.
These include refractive index, temperature, pressure, concentration, angle, magnetic field, electric field and
host of other parameters. Of course it measures length and changes in length. It has, therefore, been used in
many disciplines of science, engineering, technology, medicine etc. It is an essential technique in an optical
production facility and the quality of optical instruments is the testimony of its strength as a measurement
technique. There are plenty of books that describe interferometry and its applications [ 1-4].

2 Theory

To keep the material simple and understandable, it is assumed that the source of light delivers a
monochromatic and coherent wave. Further light being an electromagnetic wave, its polarization state is
ignored. A wave, propagating in positive z-direction, is then expressed as

a(x9 y, Z:t) = aO ei(wtsz +¢)

where q is the amplitude, being constant for a plane wave; w is the angular frequency, & is the propagation
parameter and ¢ is the initial phase of the wave. To observe interference phenomenon, two or more waves are
superposed. In two-beam interferometry, one wave is the object wave, which has acquired information about
the variable to be measured and other one is a reference wave. These two waves are spatially coherent and
hence are derived from the same parent wave.

Figure 1 shows a schematic of a two-beam interferometer: one beam interacts with the object whose
parameters are to be measured and its phase gets modulated while the other beam acts as a reference. A
combiner superposes these two beams to interfere. Superposition of two waves results in a wave described by

a(x,y,z;t) =ay, ei(wt—szrz:]) + ay ei(a}t—kz+£2)
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Fig 1. Schematic of a two-beam interferometer

Irradiance in the interference pattern is expressed as
I1=a(xyzt) a* (xy,z:t)=1, + I, + 24111, coso
where, 1; (= ay laf;l) and I, (= aoza(’;z) are the irradiances of individual waves and o [= (g, — &,)] is the phase

difference between them. This irradiance distribution is taken on a plane perpendicular to z-axis. It is seen
that the irradiance / depends on d, being maximum when 6 = 2mm: m is an integer that takes values 0, =1, £2,
.... The irradiance is minimum when 6 = (2m + 1)xt. Therefore, at some locations of the screen, the screen will
be bright and other locations, it would be dark. In between the irradiance varies cosinusoidally.

However, if the second wave lies in x-z plane, it can be expressed as
a, (x,y,z:t)=ap e

The irradiance distribution in the interference pattern is given by
I=1I,+1, +2m cos [kx thkz—kz+¢e —é&)

i(wt=kyx—k,z + £))

Wavefront X
"
- 7
20 |

Fig 2. Interference between two waves enclosing an angle 20

As shown in the Fig 2, the two plane waves enclose an angle of 26. Therefore, k, = k sin 26 and
k. =k cos 26. Since ( & — &, ) is constant, the condition for the bright irradiance is

k[x sin 26 + ( cos 26 —1)z] = 2mm: m being an integer
x cosf — z sinf = mA/2 sinf

This equation represents the family of planes, which are separated by 4/2 siné in space. When the
recording is done on a plane perpendicular to the z-axis, the intersection of these planes with z = constant
plane gives straight lines of bright regions interspersed with dark regions: these are called bright and dark
fringes. Their separation (spacing) is A/sin 26 : this is also called the fringe width. When one of the interfering
waves departs from planar form, this departure is manifested as departures in the fringe spacing: fringes no
longer remain straight lines. It is this departure, which forms the basis of measurements, as the wavefront is
aberrated by the measurand.

Two beam interferometry

Newton’s ring experiment is perhaps the first two-beam interferometer, which even today is used
to measure the radius of curvature and for testing of flat surface. This was followed by Young’s double slit
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experiment, which provided the strong support for wave nature of light. Varieties of interferometers were
developed in subsequent years for various applications: notable amongst them are Fizeau interferometer,
Michelson interferometer, wyman-Green interferometer, Mach-Zehnder interferometer, Rayleigh
interferometer, Jamin interferometer. The two-beam interferometers fall under two categories: (i) based on
division of wavefront and (ii) based on division of amplitude. Interferometers based on division of wavefront
can be truly two-beam. Those based on amplitude division are two-beam interferometers in the restricted
sense where either the reflectivity of the surfaces is low so that higher order beams have very small amplitude
as compared to first two beams or the coherence of light is adjusted so that higher order beams do not make
any contribution to the interference of waves except adding to the background.

Multi-pass Interferometry

Fizeau, Michelson and Twyman Green interferometers are double-pass interferometers and
hence the consecutive fringes are separated by A/2 in path difference. Mach-Zehnder, Jamin and Rayleigh
interferometers are single pass interferometers and the fringes are separated by A in path difference. In order
to increase the sensitivity, multi-pass is utilized. In order to amplify imperfections of a mirror, Langenbeck
introduced partially coated beam-splitter in front of the mirror of a Twyman-Green interferometer forming a
wedge of suitable angle [5]. Multiply reflected beams propagate in different directions. By suitably aligning
the reference mirror so that the reference beam interferes with n times reflected beam and suitably filtering
this, he demonstrated sensitivity enhancement by a factor of 5. Since the amplitude of multiply reflected beam
decreases fast, the amplitude of the reference beam should be suitably adjusted to obtain fringe pattern of
good visibility. Fizeau interferometer is also multi-passed for testing the flat surface and moiré phenomenon
is used for readout [6]. Bubis described a multi-pass interferometer for testing concave mirror and achieved
five-fold increase in sensitivity [7]. An interesting application of multi-pass has been to measure very long
radii of concave surfaces in a limited working space using a short measuring slide [8]. Hariharan and Sen
presented the theory of fringe formation in double-pass Michelson interferometer and showed that the
precision of measurement could be A/1000 [9].

Multi-pass interferometry requires long coherence length. However, with ingenious design of the
interferometer, it can be implemented even with a short-coherence length source. Zhang and Yonemura
implemented an improved multi-pass Michelson interferometer for distance measurement by inserting a
beam splitter into one arm of the interferometer, resulting in multiple reflections between the end mirror and
the beam splitter [ 10]. This technique uses the fact that the wavelength of a laser diode varies in proportion
to the diode’s injection current.

Pisani replaced one of the mirrors of a Michelson interferometer with a pair of mirrors enclosing a
small angle in which multiple reflections take place and demonstrated picometer sensitivity for displacement
measurement [ 1 1]. Using similar kind of arrangement for multiple reflections, Joenathan et a/ demonstrated
nano-radian angle sensitivity using cyclic interferometer [12,13] and picometer sensitivity in dual-arm
multiple-reflection Michelson interferometer [ 14].

Another method of phase amplification that can be discussed under two-beam interferometry is
to record a hologram of the distorted wavefront. Hologram will usually reconstruct the object wave and its
higher orders. If the wavefront from the '™ order is used in one arm of an interferometer, the interference
pattern will exhibit n-fold sensitivity [15].

Multi-beam Interferometry

When large number of waves participates in interference, it falls under multi-beam interferometry.
Obvious outcome of this is fringe sharpening. This topic is dealt with under three different sections: (i)
superposition of large number of beams of equal amplitude (grating), (ii) superposition of infinite number
of beams with geometrically decreasing amplitude (Fabry-Perot) and (iii) finite number of beams with
geometrically decreasing amplitude and walk off.
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Multiple-beams by wavefiront division

A grating consists of N equi-spaced narrow openings, which is illuminated by a collimated beam
emanating from a line-source and the diffracted beams, which are of equal amplitudes, are collected by a lens
thus making images of the line source in different orders at the focal plane.

A collimated beam of wavelength A illuminates the grating at an angle ¢ and the diffracted light is
collected in the direction . The resultant amplitude when N-beams are superposed is given by

A NG
A=a+ae®+ae™+ .. +ael®™ D 4 gl = g —11 =
—e

where 0 is the phase difference between waves from two consecutive grating openings (slits). The phase
difference ¢ is given by

5= 27“ d(singh + sind)
In practice, the grating is illuminated normally and hence the phase difference ¢ is given by

o,
0= 3 d sind

The irradiance distribution at the focal plane of a lens is given by
21 -e™1—e™ 1 cosNg _, sin*(Nd/2)
1-e? 1-e® *l-cosd ° sin(8/2)
The maximum of irradiance distribution occurs when the denominator is zero, i.e., when o takes
values, which are integral multiples of 2x:

I0)=AA*=a

2n . .
6=7 dsind =2mr —>— dsind =mA:m=0,+1,+£2, £3 , ... ...
1
——N=10
o8l ——N=30
) ——N=100
D
2
A=
'S 0.6
=
D
N
S 0.4-
£
o
| ==
0.2\

(e]
delta(radian)

Fig 3. Irradiance distribution in an interference pattern with finite number of beams of equal amplitude

The equation d sinf = m/ is the grating equation. The grating equation gives the direction in which
principal maxima occur. Further the irradiance of principal maxima is N *I. In between the principal maxima
there are secondary maxima, which occur wherever the numerator takes a value 1, i.e., 6 = (2m + 1)n/N. There
are thus (N — 2) secondary maxima between two consecutive principal maxima. The irradiance of successive
secondary maxima keeps on decreasing due to the value of denominator increasing with increase of 3. The
irradiance distribution has been plotted for several values of N in Fig 3: the plot is of normalized irradiance
versus phase difference.
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According to grating equation, different wavelengths are angularly separated. Using Rayleigh
criterion of resolution, the resolving power R of a grating is given by
A

R=xx

where, AL =A'—A: A" and A are the two wavelengths that are just resolved according to Rayleigh criterion.
For a grating, the order m may not exceed three, as the angle of diffraction can at the most be 90°. The free
spectral range A4, is the largest wavelength range for a given order that does not overlap the same range in
an adjacent order:

d sinf = m(A + Adgy) = (m + DA Al = Am
Obviously higher orders have smaller free spectral range.
Multiple beams by amplitude division

A Fabry-Perot interferometer consists of two high reflecting mirrors aligned parallel to each other
and whose separation could be varied. A plane parallel plate of thickness t and refractive index n whose
surfaces are coated to provide high reflectivity is called Fabry-Perot etalon. Incident beam is multiply
reflected: the amplitudes of multiply reflected beams decrease geometrically. Essentially an infinite number
of beams participate in interference both in reflection and in transmission. The irradiance distribution in
transmission of a Fabry-Perot etalon is given by

1 27

1 =h 1% sin2(6/2) A
where 6, is the angle of refraction inside the plate, m is the fringe order and the parameter F is defined as F’
=4R/(1 — R)? : R is the reflectivity of the surfaces. This distribution is also called Airy distribution. Another
parameter of interest is the finesse JF, which determines the resolving power of the interferometer. It is
defined as

2nt cosO, = 2mn

Fringe separation o P
" Full Width Half Height T =3F
The formula for full width at half height (FWHH) given in the books is
FWHH = 4/{F
This assumes that the minimum of irradiance distribution is zero. As is evident from Fig 4, the
minimum irradiance is zero only for cases where reflectivity of the surfaces is very high. A correct formula
that represents correct FWHH for all reflectivity values is

FWHH=4/JF + 2

It is seen that phase difference between successive transmitted beams depends on 6; and hence the
fringes are fringes of constant inclination and are circular.

Figure 4 is the irradiance distribution in the fringe pattern of a Fabry-Perot interferometer. Sharpening
of the fringes can be seen as the reflectivity of the surfaces increases.

Prior to Fabry-Perot interferometer or etalon, multiple beams were created by employing high
reflectivity of a surface at larger angles of incidence such as in Lummer-Gehrcke plate. Because of oblique
incidence and finite length of the plate, only finite number of beams participates in interference. However,
multiple beam interference in both transmission and reflection could be simultaneously seen or recorded. The
irradiance distribution, both in reflection and transmission (when the first reflected beam is blocked) is of the
type

1 + Fy sin®(N5/2)

1O =h T snen)
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where Fyy = 4R"/(1- RV)? and N is the number of beams. The phase difference J is given by 6 = 2—{[2nt cosb,.

The expression for phase difference is same as that for F-P etalon but the angle 8, is much larger compared
to that in F-P etalon. Phase difference between successive beams in multiple-beam interferometry with
amplitude division is constant and hence all the beams meet in phase for constructive interference.

1

\_/ \_/
0.8+ i
o —R=0.04
§ —R=0.60
g 0.6 —R=0.95 B
S
(]
N
T 0.4F -
1S
o
o
0.2+ -
) L L L L L i
-8 -6 -4 - 4 6 8

(6]
delta(radian)
Fig 4. Irradiance distribution for several values of reflectivity

Table 1 gives comparison of some parameters.

Table 1. Some Relevant Parameters

Types FWHH F R Al gy
Two beam o 2 - —
Grating 2n/N N mN A/m
. F-P interferometer 4.JF +2 oF+2/2 mF A2/2t: 6=0
Multiple beam F-P etalon 4JF +2 oF+2/2 mF A2/2nt: =0
L-G Plate 4/m n/m mF A2/2nt cosb,

Multiple beam interferometers described above are high-resolution systems used for spectroscopy.
Fizeau multiple-beam interferometer

Only application of multiple-beam interferometry for testing, particularly surface evaluation, is by
Fizeau interferometer. Its distinctive features are that the surfaces are very close to each other and they
enclose a small angle. It is essentially multiple beam interference in a very thin air wedge. Due to a small
angle between the reflecting surfaces there is increasing phase difference between the successive beams
and spatial walk-off the beam. This results in interference of finite number of beams with increasing phase
difference and the fringes are localized in the wedge. As a consequence the irradiance distribution departs
from the Airy distribution showing asymmetry and undulations. Since the fringes are very sharp, surface
information is available on and near the fringes, some sort of scanning needs to be done to scan the whole
surface. Following Brossel, the phase difference for the p™ beam can be written as [16]

o, = ZTE 2poy — %p3a2y

In order that the p beam does not interfere destructively with the first beam, the excess path should
be less than A/2, i.e.,
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4 39 _A
3P0V =7

In fact the phase difference 3, calculated using Brossel’s approach agrees with that obtained using
arigorous approach when p is large [ 17]. In practice Fizeau multiple-beam interferometry is carried out with
very small gap between the two surfaces (low order interferometry) [18]. Roychoudhuri has given a good

description of multiple-beam interferometers and their applications [19].
Multiple-beam shear interferometry

Plane parallel plate shear interferometry, first introduced by Murty [20], is an ideal choice to be used
as multiple-beam shear interferometry in which both surfaces of the plate are coated. Mallick and Rousseau
described multiple-beam lateral shear interferometer in 1973 [21]. In multiple-beam shearing interferometry,
an aberrated beam is multiply reflected inside the plate as shown in Fig 5. Beams both in reflection and
transmission are sheared: shear can be adjusted by changing the angle of incidence of the aberrated beam.

y S
o >
> & ¢
3 S oF
N\ Q)'» XCD N
“\\ ‘0‘“ (\‘;DQ ) Q;D
a ¢ . N Q
'\CDqx \@Q Q'f‘& &
o
0; 6\9 i qf"Q KV 2V
O v K> AN
¢ Ky Xy Xy
XY XY XY
ri, th ¢ ¢ >
r,t
o O:
2,0
r2, t =S o -
Qéﬁ gﬁ,, g@, Cex
“’Q;L ¢;‘ = 93 >
'62/ NS 25 s
% =, % 3
=z 2
8y = 771 2ut cos b, *di‘ 2. Z.
A A Z
2n % i “
w0 y) =— W(xy) 2, =, »
2 %,
. . \/ /

W(x,y) is path function =

Fig 5. Multiple beams in shear interferometry
The resultant amplitude in reflection A4, is expressed as
A=a e [r+1r e (1+ 77 e+ 2 + 6 e + )]
where, 0' = 0y + J,, (x + Ax, y) — 0, (x,y) = dg + 27/A [W(x + Ax,y) — W(x,y)] and Ax is the shear along
x-direction. The shear Ax is given by
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Ax =2t tan 6, cost; = 2t cosb, sind; (u* — sin*6;)"?
For near normal incidence, the shear is 2¢6;/u.

The infinite series can be summed up to give

) it'r'e” ) r—(tt' + e ) 1 —e®
A, =da eléw(x’y) [I" + m =da etﬁw(x,y) [ﬁ =ar eléw(xay)m
The irradiance distribution in the interference pattern in reflection is
50 50
4R sin? 2 F sin’ )
I.=A4,4,=1, 5 =1, 5
(1-R)> + 4R sin® = 1+ Fsin®~
2 2
where parameter F' is given by F = (14—1;)2 This is exactly what is obtained in the case of Fabry-Perot

interferometer. Due to the shear, there will be walk-off of the beam and hence the number of beams
participating in interference will be finite.

The bright fringes are formed when
0'=0dy +277r [W(x +Ax,y) — W(x,y)] = 2m + 1) & : m is an integer

Since 9, is constant, the condition for bright fringes can be expressed as

P+ Avg) ~ W) = A S

X

A
2m+1) =
@m+ 17
It is assumed that the shear is very small so that the higher derivatives have been ignored. The

fringes are loci of x-derivative of the path function. The x-component of the transverse ray aberration d, is
give by

ow
d =f=—
xlf&

The y-component is obtained by shearing the wavefront along y- direction, i.e. by rotating the shear-
plate by 90° and conducting the experiment.

Transverse ray aberrations can also be obtained in transmission. It is far easy to conduct experiments
in transmission when the shear is small and the incidence is near normal. However small shear leads to low
sensitivity but almost whole pupil is used.

Coated Wedge shear-plate

If a coated wedge-plate is used as a shear plate with wedge edge along the direction of shear, the
fringe formation, in transmission, is governed by

aw Ax —2uay =m'A

Ox
where o is the wedge angle and y-direction is perpendicular to the wedge edge. The component d, of the

transverse ray aberration is given by
oW _2ueyf  m'

d.=f—= +-—1

= ox Ax Ax J

Zeroth order (m' = 0) fringe gives the locus of the x-component of transverse ray aberration, i.e.,
2uoy f _ Ax

G A O s
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The locus of the zeroth-order interference fringe therefore maps out the lateral aberration curve with
a magnification of Ax/2paf. Therefore, higher sensitivity is obtained for a smaller value of o; an optimum
choice of a must yield one or two fringes in the interferogram. The sensitivity of the method is dependent on
the amount of shear, Ax; smaller shear results in lower sensitivity. However, for larger shear the difference
between the path functions rather than the gradient should be used in the evaluation of the interferogram.

Sirohi et al has employed multiple-beam shear interferometry, both in reflection and transmission,
for lens testing [22-24]. Senthilkumaran et a/ has used it for collimation testing [25].

Figure 6 shows a multiple-beam shear interferogram of an on-axis aberrated wave from a lens under
test [23].

Fig 6. Multiple beam shear interferogram of a lens (from Ref 22)

Multiple-beam wedge plate shear interferometry has been used to measure the focal length of a lens
[26]. The wedge plate has a very small angle such that only one fringe is obtained in the interferogram: the
fringe is sharp and its inclination can be read accurately.

Multi-wavelength interferometry

Prior to the arrival of laser, all interferometers used quasi-monochromatic light. One application
where more than one wavelength was used sequentially was the gage-block interferometer. The length of a
gage-block was obtained by measuring fringe fractions at least at three wavelengths provided its length was
known within a certain uncertainty. Later the interferometer used three different stabilized lasers: Koster
gage block interferometer is an example [27]. Essentially it is a two-beam interferometry with different
wavelengths used sequentially.

First two-wavelength interferometer is Hewlett-Packard ac interferometer, which uses Zeeman split
two-wavelength He-Ne laser [28]. The two wavelengths are separated: optical wave of one wavelength acts
as a reference to the other creating a beat signal. The beat frequency changes during measurement. This
interferometer is the workhorse of machine tool industry.

In heterodyne interferometry, a small frequency shift is introduced in one arm of the interferometer
with a pair of AO modulators [29]. The output current from the photo-detector is proportional to

iCeyit) oc agy + ady + 2agag, cos[2m (v, — vy)t — A(x,y)]

where ag; and ag, are the amplitudes of two waves with frequencies v, and v, and their phases ¢;(x,y) and
-(x,p), respectively: Agp(x,y) = ¢p;(x,y) — P1(x,y).The output from a photo-detector at this point is modulated
at a frequency (v, — v,), and the phase of this modulation corresponds to the original phase difference between
the interfering waves. The phase of the modulation can be measured electronically with respect to a reference
signal derived either from a second detector to which the optical paths remain unchanged, or from the source
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driving the modulator. This technique is capable of very high precision and has been used for a variety of
measurements [30].

The wavelength of a laser diode can be varied by changing the injection current. If the optical path
difference between the arms of an interferometer is d and the frequency of the diode laser is varied linearly
by linearly ramping the injection current, then the frequency of the beat signal f is given by

_dm _d dv i
J="4 T g A=y

where v is the frequency of light wave and c is the velocity of light. The frequency of the beat signal for the

fringe count is proportional to the product of the amount by which the frequency of the laser source is shifted
and the path difference between the two arms of the interferometer [31].

Synthetic wavelength

Spectral or single wavelength interferometry has very high sensitivity but very small unambiguous
range. An optical path difference of A gives the same interferometric information as the optical path of
(m A + A). Unambiguous range can be increased when two wavelengths A; and A, are used: this gives a
synthetic wavelength A = A; A,/(A; — X,), which is several times larger than the individual wavelengths.
The measurement range now is A/2 instead of A;/2 or A,/2. The measurement range is larger when the two
wavelengths are closer. Longer paths can be measured by counting fringe order of the synthetic wavelength.
The measurement uncertainty is increased if the measured path length d is calculated using the synthetic
wavelength. Uncertainty in phase measurements is scaled by the ratio of synthetic to optical wavelength. To
overcome this problem, more wavelengths can be used, which offer different synthetic wavelengths. Starting
from the longest one, each synthetic wavelength is used to get the fringe order of the next shorter one and
finally that of an optical wavelength [32].

If a white light source is used in an interferometer the best contrast interference fringes are obtained
only when the two paths in the interferometer are equal. If the sample arm of the object is varied, height/depth
variations across the sample can be determined by looking at the interferogram at sample positions for which
the fringe contrast is maximum. The white light interferogram is used as a setting criterion. Essentially phase
ambiguity problem is overcome by using white light. White light interferometry is an important technique
not only for surface examination [33] but in other fields as well [34].

3 Conclusion

Interferometry as a measurement technique has benefitted with the advancement of technology. Use
of CCD/CMOS devices as detectors, lasers as coherent sources and desktop computing power has enabled
it to be a very versatile and precise technique. Automatic evaluation of interferograms and presentation of
results that could be understood by unskilled persons is a common feature in all commercial interferometers
used either for displacement measurement, or for optical and surface testing, or for profiling of the objects.
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