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Vectorial imaging techniques for insights into the principles of optical tweezers
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This article is dedicated to Prof Kehar Singh for his significant contributions to Optics and Photonics

Optical tweezers work on the principle that microscopic particles may be immobilized by the application of an intense
photon flux, which may be attained under tight focusing conditions. To elucidate the behaviour and mechanism of
this tweezing action, herein we perform numerical studies and investigate the intensity distribution at the focusing
spot under tight focusing conditions. With a high numerical aperture optical lens, the influence of the incident beam
polarization on the intensity distribution of focusing spot is very significant. A linearly polarized incident beam induces
an asymmetric focusing spot, which is elongated along the polarization direction of the incident beam. The incident
beam profile influences the shape of the focusing spot. We show here how introducing an optical mask in front of
the optical lens can induce many impressive results; e.g., incident beam modulated by an amplitude mask induces a
sub-diffraction limit focusing spot which is relevant to further studies on optical tweezers. We also demonstrate the
effects of considering interfaces of different numerical apertures in an optical setup. Thus, we report on the multiple
aspects of light-matter interactions for high numerical aperture lens setups, wherein we show through simulations and
experiments, the characteristics of such systems that are of use to the broader optics community. © Anita Publications.
All rights reserved.
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1 Introduction

High spatial resolution is an essential requirement of imaging microscopes, such as confocal laser
scanning microscope, near-field scanning optical microscope, etc. The use of a confocal set-up to generate
an optical trap, manipulate trapped particles, and measure physical parameters in trap volume opens new
horizons. In all the experiments, where a confocal optical microscopy setup is involved, a precise spatial
intensity distribution in the optical volume is necessary to interpret or predict the results accurately.

The spatial resolution of a standard far-field optical microscope is limited to the sub-micrometre
scale. This limitation of the optical microscopy resolution is mainly caused by the well-known “diffraction
limit”, which is the consequence of the wave property of light. In this paper, we discuss the generation of the
diffraction-limited focusing spot by a high numerical aperture objective, used in an optical microscope setup.

2 Elementary principle of diffraction

Light waves have three distinct properties, reflection, refraction, and diffraction; all of which are
interactions between the light waves and matter under the approximations of classical optics, where no
alteration of the material properties occur in such interactions. Reflection involves a change in the direction
of propagation of light waves when they bounce off a barrier. The refraction of light waves involves a change
in the direction of propagation as well as the change in wavelength as they pass from one medium to another.
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Furthermore, diffraction involves a change in the direction of waves as they pass through an opening or go
around a barrier in their path.

Reflection, refraction, and diffraction are all associated with the bending of the path of a light wave
on interaction with a physical boundary [1,2]. This bending of the path taken by light is an observable
property, provided the medium is either two- or three-dimensional. Reflection occurs when light waves
bounce off a barrier. The reflection of waves from smooth flat barriers follows the geometric laws of
reflection. On the other hand, though the reflection of waves from parabolic or spherical barriers follows the
laws of reflection to result in the convergence of the waves; the convergence need not necessarily be at the
exact focal point. Similarly, when waves travel from one medium to another, a change in the direction of
waves occur due to refraction. However, refraction is always accompanied by a change in wavelength and
speed. Diffraction involves the bending of waves around obstacles and openings at oblique angles. In order
to understand imaging performance, such as the resolution of various microscope objectives, it is necessary
to study the diffraction property of light waves. Diffraction problems are amongst the most difficult problems
encountered in optics. Due to their mathematical complexity, approximation methods are employed to solve
diffraction problems. We describe the popular Huygens and Fresnel’s approximation and extensions below.

3 Huygens-Fresnel Principle

The basis of optical wave propagation in geometrical optics is based on the propagation of wavefront.
A wavefront is a surface over which an optical wave has a constant phase. The direction of propagation of the
wave is always perpendicular to the surface of the wavefront at each point. Based on this concept of optical
wave, Huygens postulated the formation of wavelets to describe the diffraction of light. Huygens’s postulates
[1,3] are
I. Each element of a wavefront of light may be considered to be the centre of a secondary disturbance
that gives rise to a spherical wavelet (Fig 1(a)).

II. The position of the wavefront at any later time is given by the envelope of all such wavelets (Fig 1(a)).

III. The frequency and speed of the wavelets are the same as those of the primary waves.

Fig 1. (a) A pictorial representation of Huygens’ construction in 2D. S, and S,,; are two concentric
wavefronts, where S, ., is the latter instance of S in propagation. The points Z,, Z, ., are the centres of the
secondary wavelets. The envelope of these secondary wavelets creates the next wavefront. (b) Pictorial
representation of Huygens-Fresnel construction. The representation is a cross-section of 3D space. Py is the
point source. S is the spherical wavefront, centred at Py. As shown in (a) these (Z, and Z ) are the plane
waves on spherical wavefront S and act as the secondary disturbance points: i.e., are centers of the circles
drawn in (a). P is the point where the effect of diffraction is observed.
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Though the postulates are sufficient to describe the bending of light, while it undergoes diffraction,
these principles are unable to quantify the intensity distribution due to the diffraction process. Fresnel added
the principle of superposition to these principles, and thereafter these postulates together are well-known as
the Huygens-Fresnel principles. The postulate added by Fresnel is that the amplitude at any latter point is the
linear superposition of the previous wavelets [1-3].

In Fig 1(b), S is the instantaneous representation of a spherical monochromatic wavefront of radius

15, Which is originated from a point source P,. The disturbance due to diffraction is measured at a point P

on the wavefront. Unless we place an aperture, there is no diffraction. In fact, aperture limits the Fresnel

zones and hence diffraction occurs. The disturbance at any point Q on the surface S, can be represented

by A.e*0/" (a spherical wave), which, in turn, is the amplitude of light at point Q. The contribution to the

observation point P, due to the smallest element of the surface dS at Q, is dU(P), which is represented as:
A eikro eiks

s B M

dU(P) = K(x)

where, k is the wavenumber, y is the diffraction angle, and K(y) is the ‘inclination factor’, which is maximum
when x = 0 and minimum when y = /2. From Fresnel’s postulate, amplitude at any point P, from a wavefront
of surface S, is the superposition of all the secondary wavelets, which is mathematically represented as:

Ael:r" et K(y) dS ©)
S S

up) =4

4 Fresnel- Kirchhoff Diffraction

Diffraction at any point P, arising from the superposition of secondary wavelets that proceed from
the wavefront surface S, lies in between the point P and the light source: this is the Huygens-Fresnel idea.
However, Kirchhoff [1] first pointed out that the resulting Huygens-Fresnel integral is only a special case of
a set of integrals that are the solution of the homogeneous wave propagation equation, over a closed surface.

(n,r)

(b)

(2)

Fig 2. Pictorial representation of Fresnel-Kirchhoff’s diffraction theory: (a) the diffraction at point P,
originating due to the presence of the obstacle plane A in between the source P, and the observation point,
P. The normal to the obstacle surface A is labeled as n. (b) A closeup of the intersection point is shown to
illustrate that (n, ) and (n, s) are angles of incidence and diffraction, respectively.

The details of the mathematical formulation to solve the wave propagation equation (Helmholtz’s
equation) via Green’s formulation are covered in details elsewhere [ 1]. The use of proper boundary conditions
for diffraction at point P of Fig 1 (b) leads to the mathematical equation (A is the aperture):
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eik(r+s)
e [cos(n,r) — cos(n,s)]dS 3)

—iA
Up) = 0 .’L
The Fresnel-Kirchhoff diffraction formula deals with only one diffracting surface, and in this regard,
the formula is symmetric corresponding to the obstacle plane A (Fig 2a). This implies that the reversal of
light source from P, to P does not change the diffraction equation. It is quite evident from the Fresnel-
Kirchhoff’s diffraction equation that the shape of the aperture and the position of the aperture to that of the
source is the defining factor for the intensity distribution at point P. This Eq (3) collapses to the Huygens-

Fresnel diffraction equation, where,(exp (ikr))/r represents a spherical wavefront.

The correct solution to a diffraction problem depends on the specification of the field on the
boundary, i.e., on a diffraction plane A. In case of focusing using a high numerical-aperture objective, one
usually follows the Debye theory (or the Debye approximation).

5 Diffraction of light in lens

Diffraction is employed to explain numerous phenomena, for example, the interaction of light with
a grating structure and the behaviour of light under tight focusing. It is well-known that, even with a perfect
lens, it is impossible to obtain an ideally focused point. In the focal region, the focusing spot displays an
ellipsoidal shape instead of an ideal point. This ellipsoidal shape has a rotational symmetry along the optical
axis. The dimension of the focal spot is characterized by the so-called longitudinal (L) and transverse (T)
sizes of the spot. The ratio of these sizes (L/T) is often defined as the aspect ratio (AR).

The reason for the limited size (T, L) of the focusing spot is due to diffraction when light propagates
through a lens aperture: lens aperture limits the size of the wavefront passing through it. Indeed, any
diffraction aperture (i.e., a slit, a rectangular aperture or hole), a lens pupil, is constituted by an infinite
number of diffracting points. Near the focal region, the EM field distribution is the superposition of all
diffracted light rays that emerged from lens aperture (according to the Fresnel principle). The focusing spot
is, therefore, an interference image of all these rays, and this results in a finite size that cannot be reduced
below the diffraction-limit spot size, which depends on the wavelength of light.

The size and shape of the focusing spot have a direct impact on the resolving power of an optical
microscope. For instance, the image of a point object on the camera is an image of the focusing spot, which is
described by a point spread function (PSF). If there are two points located in the focal region, which are close
enough to each other, the relevant PSFs overlap significantly and effectively merge into each other. This
overlap of PSFs is the reason behind our incapability to distinguish the images of those points on the camera
where the PSFs are overlapping. The exact definition of focusing spot size or minimum resolvable distance
is an essential aspect of the optical microscope system, indeed for any imaging system. The mathematics
and mathematical representation of resolution are described by two kinds of formulae proposed by Abbe
and Rayleigh [1,2], respectively. The two formulae are quite similar and primarily differ only in their term
coefficients, due to the different definitions of the minimum resolvable distance of two close point objects.
In an imaging system, the Rayleigh criterion (two components of equal intensity should be considered as
resolved when principal intensity maxima due to one-point source falls over the first intensity minima due to
the other point source) is often considered to be the standard definition. In this case, the minimum resolvable
distance between two close points is the distance at which the maximum intensity of relevant PSF of the first
point just overlaps with the first minimum of the PSF of second point. This distance is equal to half of the
size of a single PSF. In the Rayleigh criteria, the transverse and longitudinal minimum distances are given as
follows [2]:
for the transverse (lateral) size:

0.614

T2 = NA (4a)
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for the longitudinal (axial) size:

22
LR2=— 4b
NAZ (4b)
where A is the wavelength of light, NA is the numerical aperture of the optical lens, which is defined as:
NA =nsina

where n is the refractive index of the medium in which the light propagates, and a is half of the maximum
angle that the imaging system accepts.

In order to achieve a tightly localized field or to achieve better resolving power, high NA optical
lenses are often employed in microscope systems. The Rayleigh criterion is determined based on the intensity
profile of the Airy disk, which is the diffraction pattern of a circular aperture. This diffraction is quantitatively
studied by using the Fresnel-Kirchhoff scalar diffraction theory, in which the vector properties of light are
omitted, and the direction of energy flow (Poynting vector) is also ignored. Hence, the intensity distribution
on the focal spot only partially reflects the behaviour of the focusing spot size. However, when working with
an optical system with a high NA optical lens, there are numerous fascinating phenomena, which can emerge,
such as hollow focusing structures, asymmetric focusing behaviour, etc. When describing systems that show
imaging via high NA objective lenses, a diffraction theory considering the vectorial properties of incident
light is necessary.

6 Vectorial Imaging: Intensity and polarization distribution near focal plane of a high numerical
aperture objective lens

In an optical imaging system, if the NA of the optical lens is relatively high (> 0.7), as shown
in Fig 3, the wavefront (S,) of the light beam at the exit of the objective is significantly curved and has
a spherical form. Hence, the approximations taken in the scalar diffraction theory, including the paraxial
approximation, Kirchhoff boundary conditions, Fresnel, or Fraunhofer approximations [3,4], are no longer
satisfied. Correspondingly, the results derived from these approximations are not able to accurately reflect the
behaviour of the light field distribution in the vicinity of a focal point. In 1950s, Richard and Wolf proposed
a complete mathematical representation of EM field distribution in the focal region of a high NA optical lens
[4]. Their proposed formula considers the vector properties of the EM field, and the derivation is based on the
vectorial Debye approximation.

Objective

Fig 3. Geometrical representation of the propagation of light through a high NA lens (objective).
Linear wavefronts transform to spherical wavefronts (S,) after passing through the objective and
focus onto point P. A diffraction picture at any point ‘p’, which is at a close proximity of the focal
spot, is given by the Debye-Wolf integral.
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The main principles of the Richard and Wolf theory may be summarized as follows [3, 5]:

1. The wavefront of the beam just after exiting the pupil has a spherical shape (Gaussian reference sphere)
with a radius of f'that is called the focal length of the optical lens.
2. Each secondary wavefront on the Gaussian reference sphere is considered to be a plane wave and is
propagating towards the geometrical focal point of the lens.
3. Diffraction in the focal plane is the superposition of the entire plane wave on the spherical wave-front.
Following Richard and Wolf, the electric field distribution at an arbitrary point p (Fig 3) in the focal
region is given in Cartesian coordinates [4-6] by:

=g ik — NN ds. ds
E(p):—%ffs%JrS%Sl E (s)exp(iks -p+ ’;Z v

=— lzk{ f g"; E (8)explik{D(sy,s,) +s.x + 5,y + 5,2} ]dQ2 &)

where, fis the focal length, k = 27n/A is the wavenumber, A is the wavelength of the incident light, # is the
refractive index of the immersion medium, and Q is a solid angle of the objective aperture. Only inside this Q
angle, the diffracted light rays are considered to propagate towards the focal point and thus contribute to the
formation of a tight focusing spot. A dimensionless vector, s = (s,, S, 8), is considered to be pointing towards
the geometrical focal point P(xg, yo, zo). @(s,, s,) is the wavefront distortion with respect to the Gaussian
reference sphere in case of the presence of any aberration. Let ’s’ also refer to the amplitude distribution of
light at the exit of the objective pupil (this is the transfer of the linear wavefront to the spherical wavefront
on the Gaussian reference sphere). The exact expression of this term depends on different parameters, such
as the apodization of the objective pupil, the input vector field, intensity, and phase distribution of the input

light.

The physical interpretation of the Debye-Wolf integral is that the EM vectorial field distribution
at an arbitrary point p(x, y, z) in the focal region of a high NA optical lens is the superposition of all the
diffracted plane waves that is represented by s, which emerge from the exit of lens within the solid angle
Q. Moreover, the field amplitude of the plane wave, s, have a direct relationship with the lens used and the
incident vector beam.

For a conventional imaging system, i.e., an optical lens aperture of a circular shape, a spherical
coordinate system can be introduced. The origin of the coordinate system is the geometrical focal point P.
The wavefront (S,) of the diffracted beam at the exit of the objective aperture is axially symmetric around
the optical axis. In this spherical coordinate system, the Pointing vector s can be represented as [5,7], s =
(sinf cos¢7, sind sing7’, cosd). Here, (7, 7, k) are the basis vectors in the x, y and z directions defined
in Fig 3. a is the maximum focusing angle of the optical lens (directly related to the NA of the optical lens)
with the relationship 0 < 0 < a and ¢ is the azimuthal angle of the object plane. In this spherical coordinate
representation, the solid angle can be expressed as dQ = ds.ds,/s. = sin 0 dfd¢$ where s, is taken as direction
cosine while in this equation it is distance. Therefore, the term exp {ik(s".p')} in the Debye-Wolf integral, Eq
(5), transforms in the spherical coordinate system to:

exp{ik(s.p)}=exp{ik{x sinf cosp + y sinf sin¢ + zcos6)} 6)

and the integral becomes:

Flop,2)=— g [ 12 E(0.6) exp [ik(x sind cosgp + y sind singp + = cos) sin) d0dg %)
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E(0,¢) = 4(6,0) B(0,$) P(0,) ®)
The electric field distribution after exiting from the pupil of the optical lens is due to three separate
terms, amplitude 4(6,¢), apodization factor B(6,¢) and polarization state P(6,¢) of the incident beam.

o A(6,¢) is the amplitude distribution of the incident beam and refers to the different beam modes (TEM,y,.
TEM,,, Bessel-Gaussian, etc.). For a uniform beam, A(6,¢p) =1. When intensity and phase masks are
used to alter the amplitude distribution of the incident beam, A(#,¢) changes accordingly.

e B(6,¢) is the apodization factor, which indicates the conservation of energy before and after the
interaction of the electric field with the lens aperture. In an aplanatic lens system, Abbe’s Sine Condition
[1,5] for the ray projection is considered. For this, the apodization factor is B(0,¢) = </ cosd.

e P(6,¢) indicates the polarization state of an EM field in the focal region. It is expressed as P(6,¢) =
13:)(9,¢>)T(9,¢), where 13;)(9,¢>) is a matrix of the polarization vector of the incident beam, and 7(6,¢)
is the appropriate transfer function. 7(6,¢) is a 3%3 lens operator matrix that converts polarization of
the object region to the focal region. The mathematical matrix representation is as follows:

0, 9) 1
Py(6,¢) = (0, ¢)|. For x linear polarization, Py(6,¢) = |0
pA0, 9) 0

The transfer matrix [7] is again a combination of rotational transformations around the optical axes
and is represented as:

T(0,¢) = R™'(¢) L(0) R(¢) )
R(¢) is the rotation around propagation axis z, and L(6 ) denotes the rotation around the perpendicular axis
to that of the propagation axis. As the system coordinate representation is rotationally symmetric, it does not
matter whether it is a left or right circular rotation. R"'(¢) is the inverse rotation around the propagation axis.
T(6,¢) only indicates the polarization conversion of the incident beam in case of homogeneous media. If
there are any dielectric interfaces after the lens aperture, Fresnel coefficients must be introduced to consider
the different transmissions of each polarization.

cos¢p sing 0 cosf 0 sind
R(¢p) =|—sin¢p cosp 0> LO)= 0 1 0
0 0o 1 —sinf ¢ cosf

The total polarization vector in the focal region becomes

P(0.9) = T(0.9)P(6.¢) = R (D)L(O)R($) P, (6,) (10)

The mathematical form of the transfer function and the components of the polarization field in the
focal region is

1+(cosf-1)cos’p  (cost-1)cosgpsing  —sinfcos P.(0.9)
P(0,¢) =|(cosf-1)cosgpsing  1+(cosf—1)sin’p —sinfsing ﬁy 6,9)
sinfcos¢ —sinfcos¢ cosf FZ 0.9)

The final form of Debye-Wolf integral is

A(6.9) B(O,9)P(6,¢)

= ikf fa2n
E =_
w2 === [l exp [ik(x sinf cos + y sind sing + z cos6)]

while the component-wise representation is

sinf dfd¢ (11)
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P. (0, 9)
E(x,,2) A(6,9) B(8,9) | B, (0, 9)
- _ lkf o (21 _,y :
B2 == [0], P.(0, 9) sinf d6dey (12)
E,(x,y,2) exp [ik(x sind cosg + y sind sing + z cosd)]

Component wise intensity distribution and total intensity distribution in the focal region is

1.y, 2) =L+ 1, + L= |E, (v, y, 2 +|E, (v, y, D) + |E, (v, 3, 2) (13)

where [, [, and I, are the intensity distribution of the of x, y, z polarized components of the total intensity
1(x,y,z) in the focal region [3,5,7].

7 Numerical simulation: Simulation script based on MATLAB®

In principle, there are an infinite number of secondary wavefronts on the Gaussian reference sphere,
and all of them contribute to the intensity and field distribution in the focal region of an optical lens. In practice,
0(0 <0< a)and ¢p(0 < @ < 2m) are discretized into a number of divisions. For numerical computations, the
angle 6 is discretized from 0 to a by an equally spaced steps of Af, and accordingly, the azimuthal angle ¢ is
discretized from 0 to 2z by an equally spacing step-size of A¢p. 6 and ¢ are discretized in Nyand N, number
of linear steps:

0,=0

O =0y 1 + 460, (1 <m < Ny, integer)
A0 = o/Ny ; and

¢$:1=0

b= @1+ 4P, (1 <m < Ny, integer)
Ap=alN,

Consequently, the integral formula can be simplified by considering a discrete number of plane
waves and replacing the integral by summation as

Ne <N AO, bn) B(Oy, Dr)P (O, D) A0
By, = C 2= 122041 exp [ikn(z cosb,, + x sind,, cos, +y sinb,, sing,,)] S bm

(14)

Here C is a constant, which depends on the wavelength of light and focal length of the optical lens. For
a uniform circular input field with x-linear polarization, the intensity distribution in the focal region from the
numerical calculation is presented in Fig 4. In this case, the input wavelength (1) is 800 nm, NA of the optical
lens is 1.4 oil immersion (o = 67.53°). A focal region of 1.5 pm x1.5 um (X-Y plane) is considered. The
numerical simulation has been performed with N, = N, = 500 and Ny =N¢ =100 discrete points in respective
dimensions. The numerical simulation program script is written in Matlab®2010, and with in the program
script, there are subroutines for different polarization and intensity distributions of the input beam. The point
spread function (PSF), which is the resolution parameter for focused illumination, is represented by Fig 5.
From the figure, one can easily visualize and confirm that there is a significant portion (15% of the total
intensity) of electric field vectors, which are Z-axis oriented (z-polarized component), though, at the onset of
the simulation, there is no z-polarized light present in the input beam. Contribution from the y-polarized part
at the focal plane is negligible (~10 order of magnitude) [5].
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Fig 4. The relative intensity distribution in the focal plane (Transverse) for a uniform shaped beam

(A(O, @) = 1) is represented. The other parameters are NA = 1.4 for oil immersion objective lens, 800
nm wavelength, and x-linear polarization. Intensity is asymmetrically distributed in the X-Y plane.

All axes are in pm.
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Fig 5. PSF of'the different components of polarization is represented. There is a distinct separation in the resolution
in the X-Y plane.

8 Experimental Evidence

In an optical tweezer measurement experiment, a particle is trapped in an optical field near the focal
region of the optical microscope setup. A schematic setup of a typical single beam tweezer is shown in Fig 6,
where both the focussing and collecting objective is the same.

Optical forces such as the gradient force field and the scattering force field require a delicate

balancing in the focal region to ensure the spontaneous trapping of a microscopic particle. In this optically
imprisoned condition, the trapped particle does not freeze totally. Though the random translational movement
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is blocked, the particle still exhibits Brownian motion. Measuring the features of this Brownian motion, we
are able to realistically probe and track the environment surrounding the trapped region and changes therein.
To understand the Brownian motion of the trapped particle, one needs to know the exact trap stiffness, which
is the measure of the strength of the potential well generated in the focal region. This potential well depends
strictly on the intensity distribution of light in the focal volume [8].

Z\NLED

FIN

Trapping = __

Laser Beam Beam
Expander Collimator

Dichroic
Mirror

Fig 6. A schematic setup of a typical single beam tweezer showing the essential beam path through
the microscope objective lens.

In practice, a Gaussian beam is used as a light source to generate a region where trapping will
occur. It is assumed that the beam will generate a symmetric trapping region. Thus, it could be expected
that the measurement of trap stiffness along either of the X-Y coordinates will yield the same result. In our
experiment, we have trapped a 550 nm radius particle using an 800nm x-linearly-polarized pulsed laser
beam and 1.4 NA oil immersion optical lens. The stiffness of the trapped region was measured in water and
methanol. We measured the trap stiffness in the X- and Y- directions. The ratio of the stiffness measured
in different directions is 0.754 in water and 0.7 in methanol. The intensity distribution ratio of a linearly
polarized beam of light in the presence of 1.4 NA oil immersion optical lens is 0.78. This points to the fact
there is an asymmetric intensity distribution in the focal region when working with a high NA optical lens.

9 Intensity distribution in the focal plane: Comparative Study

Diffraction plays a vital role in generating intensity distribution patterns in the focal region. This
pattern is very helpful for the understanding of optical imaging, or for insights into the field of optical
trapping. The 3D distribution pattern in the geometrical focal region depends on several parameters like
polarization, intensity, phase, etc. of the input light. In the following sections, we have shown the differences
in the intensity distribution, made by different parameters of the input light.

9.1. Intensity distribution in the focal region for different polarizations

The Debye-Wolf integral is different from the other scalar image theories, as the direction of the
electric field (polarization) of the input beam plays an important role in the intensity distribution pattern. In
3D Cartesian coordinates, the polarization matrix (Jones Matrix) is defined in the Table 1 below.
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Table 1. Polarization unit vectors and their patterns (Geometrical picture) are presented. ¢ is the azimuthal angle
with respect to propagation axis z. In all cases, the input beam has rotational symmetry with respect to the z-axis.

Polarization X-Linear Y-Lincar  Right Left Elliptical Radial Azimuthal
circular __ circular

Pattern I —> O O O ‘\T}" f (-NT

(7,]'? N,
p.(6,¢) 1 0 1 i 2 cos¢@ —sing

. | 1 1

1 —| i sin cos
5 ¢ @
0 _ 0_ 0 | | 0

p6.9)] |0 0 V2 0

1 0 1
4 0 1

1 1

1

0]
0

1
0
-1

-1

Fig 7. A uniform intensity input beam of 800 nm wavelength is focused using a 1.4 NA optical lens (oil
immersion). Comparison between the intensity distribution at the focal plane (z = 0) for different input
polarization is presented here for (a)-(d), X-Linear (e)-(h), Y-Linear (i)-(m), Right circular and (n)-(q) Left
circular. All directional axes are shown in pm. For linear polarization cases, there are distinct asymmetric
distributions of total intensity depending on the direction of polarization, but for the circular case,the total
intensity distribution is symmetric in the X-Y plane.
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total

10 1

Fig 8. Comparison between the total intensity distributionin the focal plane for different input beam polarizations
are presented here: Elliptical for (r)-(u), Radial for (v)-(y), and Azimuthal for (al)-(d1). Other imaging parameters

are for a uniform input beam. 1.4 NA optical lens(oil immersion) and 800 nm wavelength light. All directional
axes are in pum.
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Fig 9. PSF for different polarizations along the two propagation axes. For the Azimuthal polarization, the shape is
doughnut-like such that the peak position is 0.21um away from the geometrical focal point.
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Table 2. PSF values for different polarization cases showing resolution asymmetry predicted by vector imaging.

Polarization =~ X-Linear  Y-Linear  Right circular Left circular Elliptical ~ Radial Azimuthal
x-coordinate  0.365um 0.285 um  0.315 um 0.315 um 0347 um  0.348 um  0.22 um
y-coordinate 0285 um  0.365um  0.315 pm 0.315 pm 0.347 um  0.348 um  0.22 pm

Figures 7 and 8 show the total intensity distributions in the transverse plane at the focal point (z
= 0) that are due to different input polarizations. Other imaging parameters are 1.4 NA optical lens (oil
immersion), A(0,¢) =1, and an 800nm input wavelength. The full width at half maxima (FWHM) of the
point spread function (PSF) for 1.4 NA optical lens at 800 nm wavelength would be 0.34 pm from the scalar
field image equation (Eq 4(a)), which would also be without any asymmetric distribution in the transverse
plane. Different polarizations of the input beam are also futile for scalar imaging as they are not accounted
for. Vectorial imaging, using the Debye-Wolf integral, yields different point spread functions in the focal
plane. For linear polarization inputs, there is a significant amount of asymmetry in the X-Y plane. On the
other hand, for circular polarization inputs, there is no asymmetry, and for azimuthal polarizations, there is a
doughnut-shaped point spread function. PSFs for different polarizations are presented in Fig 9. Table 2 lists
the FWHM values of the PSFs.

9.2. Intensity distribution in the focal region for different NA optical lens

The NA of the optical lens is a crucial parameter for characterizing the optical imaging system
as the NA is directly proportional to the limiting diffraction angle o. In our numerical simulation for NA
dependence, we have taken four different NA optical lenses. Other input parameters are kept the same
throughout the NA range. For a uniform input beam with X-linear polarization, increasing the NA increases
the transverse as well as the longitudinal resolution (decreases the FWHM of PSF). The asymmetric ratio
(PSF,/PSF,) for the transverse resolution increases as the NA of the optical lens decreases. For a 1.4 NA
optical lens (oil immersion), the asymmetric ratio is 0.78, and for a 1 NA optical lens (oil immersion) the
asymmetric ratio is 0.87. As the imaging system (optical lens) comes out of the high NA regime, the observed
asymmetry in the PSF vanishes.

Figure 10 shows the intensity distribution of the focusing spot on the X-Z plane. A dramatic decrease
of the focal spot size along the longitudinal direction with an increase of NA of the optical lens is observed,
following a relation like that of the Rayleigh criteria (Eq (4b)).

Despite this dramatic decrease across different NA values (see Table 3), the longitudinal size (L) of
the focal spot size is always larger than that along the transverse direction (T). This is because, when a single
optical lens is used for focusing, it is only possible to collect or focus light in one direction, e.g., in the case
being discussed, along the propagation direction or the Z-axis. All the light (and the associated information)
in the other directions are missed. In order to further reduce the longitudinal focal size, one possibility is to
use a 4-m configuration optical path [9], in which a second optical lens is placed on the opposite side of the
first one to modulate the light field propagating along the optical axis of the system.

Table 3. Transverse (x-coordinate, y-coordinate) and longitudinal FWHM of PSF for different NA optical

lenses.
NA x-coordinate y-coordinate z-coordinate
1.4 0.365 pm 0.285 pm 0.495 pm
1.3 0.377 pm 0.29 pm 0.615 pm
1.2 0.391 pm 0.317 pm 0.76 pym

1 0.44 um 0.386 pm 1.175 pm
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Fig 10. PSF in the propagation axis (z-axis) is shown for different NA optical lenses (oil immersion). (a) 1 NA
optical lens (b) 1.2 NA optical lens (c) 1.3 NA optical lens (d) 1.4 NA optical lens. Other input parameters for the
numerical calculations were: uniform intensity distribution, 800 nm wavelength and x-linear polarization of light.
It is evident that depth of focus decreases as NA increases.

9.3. Intensity distribution in the focal region for different input beam profile

The laser beam is often employed as a light source; it is thus important to characterize the focusing
behaviour of different laser beams under tight focusing conditions. The most frequently used beams are the
Gaussian beams (TEM,), and the Bessel-Gaussian (B-G) beams. In the case of the Gaussian beam, the beam
waist is the determining factor for the generation of focal spot resolution [10-14].

For a 1.4 NA optical lens (oil immersion), two cases of Gaussian beam with different FWHM are
considered for numerical calculation and comparison. Each beam is x-linear polarized. The mathematical
input form of the Gaussian beam is represented in Table 4, where a is the parameter that represents the beam
waist at the entrance pupil. Here two cases, ¢ =1 and a =3 are considered, where the argument is § = (sin6/
sina). Profiles shown in the first column of Fig 11 represent Gaussian input beams. The second column in
Fig 11 shows the total intensity distribution in the X-Z plane of the focal region for the respective Gaussian
input beams inputs of the first column.
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Fig 11. Two Gaussian beam inputs and their corresponding total intensity distributions at the X-Z plane near the
focal region. (a) is for @ = 1 and (b) is for « = 3. Numerical calculation parameters are 1.4 NA optical lens, x-linear
polarization, 800 nm input beam.

Compared to the uniform beam case (Fig 12), Gaussian beams allow obtaining very similar intensity
distributions but with larger spatial resolution in both the cases (longitudinal and transverse). In the case
when a = 1, the Gaussian is of the form: exp (-4%), and the resolution in both planes is almost similar to that

of the uniform input beam. When a = 3, the Gaussian is of the form: exp (-342), and the resolution decreases
as the beam waist becomes narrower. This can be explained by the fact that the light intensity of the Gaussian
beam is concentrated in the beam centre, which is equivalent to the sum of a large aperture of one of the
uniform beams (high NA) and a small aperture of a uniform beam (low NA). Hence, the resultant intensity
distribution is larger than the one obtained with a single uniform beam (high NA).
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Fig 12. Comparison of different input beams. (a) resolution comparison in X-direction. (b) resolution comparison
in Z-direction (longitudinal).

When the Bessel-Gaussian (B-G) beam (x-polarized) is taken as an input, the shape of the intensity
distribution in the focal region for both planes changes drastically from case to case. Table 4 shows the
amplitude profile for a few beam modes including the generic B-G beam. As the parameter a increases (the
number of rings in the input aperture increases with increase in the value of ), we can see that the intensity
at the focal spot (x =0, y =0, z= 0) vanishes (Fig 13(d)). The intensity distribution forms an annular ring-like
structure in the focal plane. Figures in first column of Fig 13 represent different Bessel-Gaussian input beams.
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The first two cases, where input beam looks like Gaussian, yield intensity distribution at the focal plane,
which is almost similar to that of corresponding to a Gaussian input. However, as the ring in the input beam
increases (in the case of a=35, a=10), it leads to the formation of a ring-like structure in the focal plane (Fig
14). The ring structure for B-G input, Jo(58)exp(—%), the width of the ring is 0.88 um, and the FWHM width
of the intensity profile is 0.34 um. For the B-G input, Jy(108)exp(—4?), these values are 1.8 pm and 0.336 pm.
We observe that as the number of rings in the input increases, the diameter of the annular ring-like intensity
distribution in the focal region increases, and the spatial resolution of this ring-like structure remains almost
unchanged (Fig 15 (2)).

Table 4. Different beam modes used to calculate the intensity distribution in the focusing region of a high NA optical
lens. A(6,®) represents the amplitude of the beam mode. o is a generic parameter describing different beam waists. /8
is the ratio of sin@/sino.. & and ¢ are the polar coordinates of the lens aperture (see Fig 3). J, is the generalized Bessel
function of order zero.

Uniform beam A9, P)=1
Gaussian beam Ao, P) = exp(—ap?)
Bessel-Gaussian beam A6, ) = Joexp(ap) exp(-*)
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Fig 13. Intensity distribution of Bessel-Gaussian beams at the focal plane (X-Y plane) with different a values. (a)

is for a =1, (b) is for a =3, (c) is for a =5, (d) is for @ =10. Numerical calculation parameters are 1.4 NA optical
lens, x-linear polarization, 800 nm input beam.
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We investigate the anomalous features of certain kinds of B-G beam (where parameter « is 5, 10, or
higher) in terms of the intensity distribution in the X-Z plane (longitudinal). In Fig 1 1, the numerical simulation
of the intensity distribution in the X-Z plane is shown. It is clear from the figure that in the propagation path,
both beams first focus before the actual focal spot (x = 0, z = 0). As discussed before, in the focal spot, these
beams form a hollow pattern and refocus again after the focal spot. This intensity distribution behaviour can
be explained by the fact that the focusing spot is the consequence of the interference of diffracted light rays
in the focal region. For B-G beams, the light of the inner and outer rings possess different phases, and thus,
when the diffracted beams are added up in the focal region, they interfere destructively, and the total intensity
at the focal point is weakened.
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Fig 14. Total intensity distribution at the X-Z plane near the focal region of two Bessel-Gaussian beams, Jy(af)
exp(—f?) is represented here. (a) is for @ = 5 and (b) is for a =10. Numerical calculation parameters are 1.4 NA
optical lens, x-linear polarization, 800 nm input beam.
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Fig 15. Comparison of different Bessel-Gaussian input beams. (a) resolution comparison in X-direction. (b)

resolution comparison in Z-direction (longitudinal).

In Fig 15 (b), a comparison of the intensity distribution in the longitudinal plane among different
B-G beams is represented. For the B-G beam with parameter a = 5, the separation between two intense spots,
is 0.88 um, whereas the separation is 1.68 pum, for the second case with parameter @ = 10. Careful inspection
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reveals that there are several intense regions in the longitudinal direction. The real challenge lies in making
singular separate spots in the propagation.

This study shows that the intensity distribution of the focusing spots strongly depends on the profile
of the incident beam. This is shown, for instance, when the beam profile is varied by using different laser
beam modes. Over the next sections, we introduce alternative ways to modulate the incident beam profile and
study their effects on the intensity distribution of tight focusing spots.

10 Intensity distribution in the focal region due to spatial masks

Masks are applied to modulate both the intensity and phase of the incoming beam profile. By using
a proper mask, it is possible to transform the uniform plane wave to a particular desired beam shape, such
as a hollow beam, phase singularity vortex beam, etc. There are three kinds of frequently used masks to
modulate the spatial properties of the input light beam. These are amplitude masks, 0/n binary-phase zone
plate (BPZP), and vortex masks [15-21]. These masks are designed to modulate light, which shows rotational
symmetry around the optical axis. Hence, it is convenient to define the diffracted wave vector using spherical
coordinates. When using a mask (to modulate the uniform beam), the A(0, @) is tweaked accordingly to
ensure the formation of the expected structure with the masks.

10.1 Amplitude Mask

The pictorial representation of an amplitude mask is given in Fig 16. Generic amplitude masks with
rotational symmetry can be represented as

1 (0 <e<egy
ACD= 10 <ec) (1s)

where, 8 = 0, is the angle between the optical axis and the marginal edge line of the opaque inner area. As
shown in Fig 16, ¢,=sin 8,/ sin a, where ¢ is the ratio of r, and R (¢, =r,/R). A generic amplitude mask is
designed to have an opaque area followed by a transparent area or vice versa (Fig 17 (a)). For the numerical
calculations, we have taken an input beam of uniform amplitude and circular polarization. Other optical
parameters are 1.4 NA optical lens (oil immersion) objective and 800 nm wavelength light. The intensity
masks are labelled as C;, Cs, and Cs depending on the number of bright and dark ring pattern within the
aperture of the objective.

Fig 16. The geometrical representation of an amplitude mask that has a rotationally symmetric structure
around the beam propagation axis. R is the outer radius of the beam and r, is the inner radius of the beam.
The ratio between these two is €5 = /R = sin 8,/ sina
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The intensity distribution in the transverse plane (X-Y) for all the cases (C;-Cs) remains almost
similar. The FWHM of the beams for C; is 0.3um and, for C5 and Cs are 0.33um. For a uniform beam
with circular polarization and having no intensity-modulation the FWMH is 0.34um (Fig 18 (b)). Intensity
modulation alters transverse resolution very minutely or not at all. The intensity distribution in the propagation
direction (X-Z plane) exhibits a significant change in spatial resolution due to amplitude masking. The
FWHM of the intensity distribution due to an unmodulated uniform beam with circular polarization is 0.8
um. The FWHM for the C,, and C; cases are 0.44 um, while that for Cs case is 0.66 um (Fig 18 (a)). Careful
design of the intensity modulation leads to a better resolution in the Z-direction. Figure 19 shows the intensity
distribution in the longitudinal plane.
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Fig 17. Intensity and binary-phase zone plate (BPZP) pictorial representation. (a) A spatial intensity
modulator plate (Cs- five continuous regions of opaque and transparent zones), having a rotational symmetry
around the optical axis. (b) A BPZP pictorial representation with five separate 0/z plates (Cs-BPZP).
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Fig 18. PSF in the focal region due to intensity modulation. (a) PSF in the Z-direction. (b) PSF in the X-direction.
The other parameters are 1.5 NA optical lens (oil immersion), a uniform light beam with circular polarization, and
800 nm wavelength. Due to circular polarization, the PSF in the X-Y plane has no asymmetry.
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Fig 19. Intensity distribution in the longitudinal plane (X-Z) due to the application of intensity mask in front of
the input. (a)-(c) are intensity distribution of Cs, C5 and C, respectively. It is clear that the increase in the number
of rings in the intensity modulation only tunes the focal spot structure and not the spatial resolution after certain
threshold.

10.2. 0/m Phase plate or binary-phase zone plate (BPZP)

In this case, the adjacent concentric circular structures are not opaque and transparent like intensity
masks, but the structures are phase-shifted by « to each other. The circular structures are of even and odd ring
numbers and the phase of the BPZP [22] is set to @ for the odd (or even) belt, while the even (or odd) one is
set to 0. A generic representation of BPZP is shown in Fig 17 (b). The mathematical form of a BPZP is

exp(ir) : m — Phase shift (0 < & <¢g,)
G exp(i0) : 0 —Phase shift (¢, <e<1) (16)

For numerical calculations, we have taken three different cases: C,-BPZP, C;-BPZP and, Cs-BPZP,
having one, three and, five pairs of concentric phase zone plates. The other input parameters are the circularly
polarized beam of 800 nm wavelength and 1.4 NA optical lens objective.

Figure 20 shows the total intensity distribution pattern in the longitudinal plane (X-Z). The use of
BPZP, in fact, splits the focal region into two separate spots. This behaviour can be also explained by the fact
that due to the m—phase shift of the inner part of the incident beam, when the rays are adding up at the focal
region, the phase difference of rays induces destructive interference at the focal point, while in its vicinity,
rays are in phase and thus a constructive field distribution appears. An increase in the number of concentric
BPZP in the path of input beam increases the separation between the peak in the propagation direction. For
our case of C;-BPZP, C;-BPZP, and C5-BPZP, the separations are 0.72pm, 2.48um and, 4.1um, respectively
(Fig 21). The careful design of a BPZP with an appropriate NA optical lens will result in the generation of
the desired spot separation along the propagation axis.
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Fig 20. Total intensity distribution in the longitudinal plane due to the application of BPZP having a circular
symmetry with respect to the propagation axis. (a)-(c) is a pictorial representation of the intensity distribution due
to Cs-BPZP, C5-BPZP, and C;-BPZP, respectively. We note that the use of BPZP causes the formation of two
separate intense spots in the propagation axis.

11 Aberration due to a stratified medium

In practice, one critical problem concerning the application of optical microscopy is an aberration,
which degrades the resolution of the optical microscope or any optical setup with a high NA optical lens [23].
In an experimental setup, a minimum of at least three layers exist, as is shown in Fig (22). The first layer
is the immersion medium, which in our case is oil. The second layer is the coverslip, and the third layer is
the medium where the imaging object is placed (which, in most of the cases, is water). The oil-immersion
medium and coverslip have almost the same refractive index. For practical purposes, one can consider these
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Fig 21. PSF due to the use of different BPZP to modulate input beam. It clearly shows that with the
increase in the number of concentric BPZP belt, the separation of the peak increases.
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two separate layers to be a single layer. Depending on the refractive index mismatch, there is a significant
shift in the geometrical focusing point. In our case, when the medium in the sample chamber is water, the
actual focusing happens before the geometrical focal point, as water has lower refractive index compared to
glass [24-26]. This is the scalar imaging property of a lens. By quantitatively measuring this shift, one can
determine the refractive index of the mismatch medium. However, for high NA optical lens systems, light
rays converge significantly, and the transmission coefficients (Fresnel coefficient) of s- and p-polarization
need to be considered [1].
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Fig 22. Schematic illustration of the propagation of a tightly focused beam in the presence of refractive

index mismatch in the propagation path. In our system, the immersion medium and coverslip have the same

refractive index. We consider them together as the first refractive index medium, n;. The water medium is

considered as second refractive index medium, n,. If the medium were homogeneous (n; = n, case), the

geometrical focal point would be distant d apart from the starting point of the second medium.

The transfer function to the Gaussian reference sphere changes due to the non-equivalent

transmission of ’s” and ‘p’ polarizations as well as due to the phase aberrations in the propagation path. Thus,
the polarization transfer function (Eq 9) can be rewritten as:

Py, 0) = Ti(6), P)Po= R (@)C(O)R(P)Py a7
where P is the polarization distribution in the medium of refractive index n;, and 0, is the incident angle on

the first medium. Py is the incident beam polarization. R(¢), and C(6,) describe the rotation of the coordinate
system about the optical axis. The polarization distribution in the medium of refractive index n, is

Py(01, 05, ) = T5(0, 0, )P1(0,, §) = To(6,, 02, P)T1(0, )Py

where:
Ty(01,6, ) = [LPT LD (19)
and:
4, 00 cos 6; 0 —sin 0,
=10 Iy 1g|> LV = 0 1 0
001% sin@; o cosb;

which describes the rotation of the coordinate system into s- and p-polarized vectors, i = 1, 2 represent the
light rays before and after the interface, / represents the transmission of the dielectric interface and ¢ and ¢,
are the Fresnel coefficients:

_ 2sin6, cosd; = 2siné, cosd,; (20)
S sin(6,+6,)° P sin(6, + 6,) cos(8; — 6,)
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Previously in Eq (11), we have omitted the aberration factor in the Debye-Wolf integral. Here,

however, due to the presence of the interface of different refractive indices, one cannot neglect the induced
aberration factor in the imaging system. This aberration is defined as:

D(0,, 05, d)=—d(n cost) — n, cost,) 21)
Using ®(0;, 0,, d) and P(6,, 05, ¢) , the Debye-Wolf integral can be rewritten as

4(0,9) BOL9)PA0r, 0, &)
E(x,y,z)=— sz—; fgfg” exp [ik(n, x sind; cos¢ + n, y sind, sing + n, z cosf,)] | sind, db,d¢p

exp [ik (©(6,, 05, ¢)] (22)

Using Eq (22), we study the effect of the presence of a refractive index mismatch in the intensity

distribution in the focal region.
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Fig 23. Intensity distribution pattern in the longitudinal plane (X-Z). The input is a Gaussian beam with x-linear
polarization. Due to the presence of aberration in the propagation path, the focal region shifts. The new focal
region is before the focal point when the medium is homogeneous.
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Fig 24. Normalized PSF at the different intense points in the beam propagation path due to presence of stratified
media. (a) PSF in the X-direction and (b) PSF in the Y-direction. It is quite clear that spatial resolution in the
propagation path has different values.

For our numerical calculations, we have used a 1.4 NA optical lens (oil immersion) objective.

The input beam is a Gaussian beam (exp(—p?), f = sin(6;)/sin(a)) with 800 nm wavelength. The beam is
taken to be an x-polarized beam. The mismatched mediums are a glass cover-slide and water. The refractive

indices

are 1.515 and 1.33, respectively. For a typical measurement, d (as shown in Fig 22) is taken to be

approximately 80um.
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The results of the numerical simulation for the intensity distribution in the longitudinal path is
shown in Fig 23. Not only does the focal point shift ~10 um from the actual geometrical focal point, the
intensity distribution is also split into four major parts. The maxima of these split intensity distributions are
at —9.71pum, —10.68um, —11.24pm and, —12.12um. The most intense region is at —10.68pm. We note that
the FWHM of these intense regions has different values (Fig 24). The FWHM values of the X-coordinate
PSFs are 0.57um, 0.55um, 0.53um, and 0.48um, respectively. The FWHM values of the Y-coordinate PSFs
are 0.54pm, 0.57um, 0.53um, and 0.43pum, respectively. These values are higher than the values obtained
without the presence of a stratified medium (0.365um and 0.285pum). Thus, we note that the presence of a
stratified medium not only reduces the spatial resolution but also creates regions of intensity distribution of
different resolutions. Such theoretical observations could also justify our experimentally observed asymmetric
intensity distribution in optical tweezers for single and mixed solvents [27].

9 Conclusion

We have numerically studied and investigated the intensity distribution of a focusing spot under
tight focusing conditions. With a high NA optical lens, the influence of the incident beam polarization on
the intensity distribution of focusing spot is very significant. A linearly polarized incident beam induces an
asymmetric focusing spot, which is elongated along the incident beam polarization direction. The incident
beam profile influences the shape of the focusing spot. We show that the introduction of an optical mask in
front of the optical lens can induce numerous interesting results: Incident beam modulated by an amplitude
mask induces a sub-diffraction limit focusing spot; Light beam combined with BPZP masks, possesses a
longitudinal doughnut distribution in the focal region and several focal spots in the propagation axis, which
are very useful for the study of optical tweezers. We also show that a refractive index mismatch causes a focal
point shift in the focal region of the optical lens. Due to the induced spherical aberration, the focusing spot
quality is degraded. We have presented numerical studies coupled with relevant experiments to demonstrate
and elucidate the variety of effects, which arise during the study of tight-focusing conditions.
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