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Models for partially coherent spherical and cylindrical sources are presented, based on a decomposition into coherent
modes of their cross-spectral densities. The primary coherence characteristics are computed both at the source surface
and during propagation. Many examples with varying characteristics can be derived from the general expressions. Among
others, an intriguing aspect of partially coherent spherical scalar sources is that, with a suitable choice of the weights of
their component modes, the radiated field exhibits perfect radial coherence along any direction, while angular coherence
is only partial. For the case of cylindrical symmetry, the study has been conducted for both scalar and vector sources.
Interesting effects have been found concerning the evolution of the degree of coherence and the degree of polarization
of the radiated field upon propagation. © Anita Publications. All rights reserved.
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1 Introduction

Many studies focusing on partially coherent sources have predominantly explored planar sources
[1-20]. However, it is worth noting that the Helmholtz equation offers analytical solutions with separable
variables in a total of 11 coordinate systems [21]. Consequently, a wide range of non-planar sources can be
considered. Interest in nonplanar sources has arisen from the advancements in optics within curved spaces
[22-27]. Additionally, in the case of spherical sources, there is a notable connection to solar radiation
[28.,29]. Some studies have also been carried out on the propagation of cylindrical waves in nonlinear and
inhomogeneous media, as well as the scattering of electromagnetic waves by cylinders [30-32].

In this context, we present recent significant findings related to two types of partially coherent
nonplanar sources: those exhibiting spherical or cylindrical symmetry [33-36]. For the case of cylindrically
symmetric sources, both scalar and vector treatment of the field is considered. For these two types of sources,
we expand their cross-spectral density (CSD) at their surface using an incoherent superposition of coherent
modes [ 1]. Subsequently, we obtain the corresponding CSD for the field propagating away from the source.
We will unveil several features of the CSD through several illustrative examples.
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The paper is structured as follows. This section constitutes the Introduction, and in the following
section, some basic concepts will be recalled. Section (3) is devoted to the treatment of scalar spherical
sources while in Section (4) both scalar and electromagnetic cylindrical sources will be studied. Finally, in
Section 5 brief conclusions are resumed.

2 Preliminaries

The characteristics of a stationary scalar source can be appropriately studied through its CSD which
can be expressed as

(x|, 1) = (E* (r1) E(rp)), @)
where E(r) is a scalar field and rj with j =1, 2 are two points in the space outside the spherical or cylindrical
source. Appropriate coordinates will be used for each case.

In particular, from the CSD, the spectral density and the degree of coherence can be obtained as

[1]

I(r) = W(r, 1), )
and
W (ry, 1a)
: | 3)
u(ry, rz) JW(T17 ry) W(r,, ry)
respectively.

For the case of electromagnetic partially coherent sources, we make use of the 3%3 cross-spectral

density matrix (CSDM) W (ry, l‘z)’ which accounts for the two-point second-order correlations between
pairs of all field components, and whose elements are defined as [1,37,38]

Wy (11, 12) = (ES (r) E(ry) (s, £ = 1, 9, 2) “4)
the angle brackets denoting the ensemble average and cylindrical coordinates [» = (7, @, z)] have been used.

The local characteristics of the field at the point r are considered through the utilization of a matrix known
as the polarization matrix

Pr)=W (r.v) )
Specifically, it allows for the determination of the spectral density of the field

S() = Te {P(r)}, ©)
with Tr{-} denoting the trace.

Various definitions of the degree of polarization (DOP) have been proposed for three-dimensional
(3D) fields. One of these definitions, as presented in [39], is as follows

Tr{ P2
PQ(I”)Z\/E w_l} (7
2lte{p(ny 3

This parameter is always limited to the interval (0, 1), the two limiting cases corresponding to
completely unpolarized or perfectly polarized fields, respectively. It is worth noting that the following
relation holds:

Tr{ﬁz} B /112 - /lf + /lg
T2 {py (At At )

where 4; (i = 1, 2, 3) are the eigen values of P, so that Py can be expressed as

®)
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NGy = 200 + (G = 23) + (B — 1)
D20+ 2+ 43)

A noteworthy point in this definition is that for a completely unpolarized 2D field, the DOP is 1/2.
In this scenario, one of the eigen values is zero, while the other two are equal, indicating the presence of
a certain level of "polarization". This occurs because one of the three field components is absent.

Po(r) = )

Alternative definitions for a 3D DOP have been given. For example, Ellis ef a/ [40] introduced the
following parameter, which reduces to the usual one for 2D field:
=4
= e iy o
with the eigen values ordered in such a way that A; > A, > A3. In fact, if the field is 2D, then A3 = 0, and P,
gives 0 for completely unpolarized fields (A; = A,) and 1 for completely polarized fields (A, = 0). Comparisons
and relationships between the above definitions can be found in [41-43].

On the other hand, several scalar quantities have been suggested to describe the coherence
characteristics of the field in the literature [37,44-49]. However, most of these measures pertain to paraxial
fields, where the longitudinal field component can be disregarded, resulting in the reduction of the cross-
spectral density (CSD) matrix to a 2x2 matrix. In the most general context, an electromagnetic degree of
coherence can be introduced as proposed by Setild [37].

Ho(ry, 1p) = JTT{WT(rla )W (ry, 1)} (11)
S(ry) S(rz)
the dagger denoting the adjoint. Since the following relation holds:
Tr{WT(rls rZ)W(rls rZ)} = Zt: |Wst(rls r2)|2 (S, t=vr, o, Z)s (12)
N

the function pg(ry, ry) accounts for all correlations among the field components equally. However, in
accordance with this definition, the relation py(ry, r;) = 1 does not generally hold, unlike in the scalar case,
as non-perfect correlations may exist among various field components at a single point. This is particularly
the case when the field is not perfectly polarized. In fact, it can be proved that

2P, (1) + 1
hote 1) = [—2 (13)

indicating that p,(r, r) =1 is only valid for perfectly polarized fields.

Another definition for the degree of coherence in three-dimensional fields was introduced in Ref

[45]: .
Tr{W(ry, rp)}
I, ) =—F—7—-—— 14

pr(ry, ra) m (14)

This definition is consistent in form with classic coherence theory, as it involves the norm of the
linear CSDM. It preserves phase information, making it crucial for applications such as remote directional
control and singular optics.

3 Spherical sources

Within this section, a generic point will be expressed in spherical coordinates, r = (r, 9, ¢), where
r, § and ¢ denote the distance to the origin, the polar and the azimuthal angle, respectively. The CSD of a
scalar partially coherent spherical source can be expressed as a modal expansion of the form

o/
VVS(QU(DI; 929¢2) = I—ZO Z lAlm Ylm*('gla 901)Y1m(92a ¢2)’ (15)
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where A4,,, are non-negative coefficients. The asterisk indicates complex conjugate and the symbol Y;"'(3, ¢)
specifes the spherical harmonic of indexes / and m, defined as in [50]:

20+ 1 (I —m)
4 (I+m)!

being P/" the Legendre function of orders / and m [50].

P'(cos 9) €™, (=0, 1,..m=0,+1,£2,. +]), (16)

Y9, ) =

The spherical harmonics enable us to express a solution to the propagation problem for all points
in space outside the source as a modal expansion using well-known functions. In fact, each of the functions

P/"(cos 9), exp(img) as seen in Eq (16) can be combined with a radial component to form a solution to the
wave equation. To achieve this, we employ the outgoing spherical Hankel functions [51], denoted as H;(kr),
where £ represents the wavenumber. If the radial part is selected as H,(kr)/H(ka), with a being the radius
of the spherical source, the solution satisfies the boundary condition by assuming prescribed values at the
source’s surface.

By employing Eqs (15) and (16) and incorporating the radial components, expressed in terms of
the outgoing Hankel function [50], H,, the CSD takes the form [52]:
0 / %
W(}"l, r, 91, 192, @1, @2) = Z Z Cim €im (g02—(0|)le (COS 191) le (COS 92) M
1=0 m=-1 |H,(ka)|
In this equation, the coefficients ¢, are non-negative, with / ranging from 0 onwards and m from —/ to /.
Notably, the dependence of W on r; and r, occurs through the functions H,, which are solely dependent
on the index /. The latter can be considered as specifying the /-th radial mode of the CSD. For each radial
mode, there are 2/ +1 angular structures, each of them being determined by the index m. These functions,
which are proportional to the spherical harmonics will be referred to as the angular modes.

an

From the CSD, the spectral density can be obtained as

0 / 2
S B =Y X em| P (cos ) L)
=0 m=-I

H(ka)

An interesting implication that follows from Eq (18) is that the spectral density on the surface of
any sphere concentric with the source is independent of the azimuthal angle but generally varies with polar
angle. A straight forward example that supports this observation is depicted in Fig 1(a), where the spectral
density has been calculated on the source surface and only two terms of the modal expansion are considered.
The spectral density remains constant at any latitude and is symmetric with respect to the equator, which
is characteristic of spherical sources with harmonic modes [33].

) (18)

The degree of coherence can be obtained by substituting the expression of the CSD of Eq (17) into
the Eq (3). Even for this simple case the degree of coherence relative to a given point, the absolute value
of the degree of coherence remains constant along the polar coordinate $ (see Fig 1(b)). In this particular
example, with m = £ 2, the degree of coherence relative to a specific point displays a periodicity of 7 along
the azimuthal coordinate, as illustrated in, Fig 1(b) and (c). A pair of coherency vortices is seen to appear
in correspondence of the poles.

Closed-form expressions have been obtained for various selections of the coefficients ¢, [33],
and by adjusting these weights, a wide range of behaviors can be observed for spectral density and for the
degree of coherence.

As a first example, we show that a category of CSDs exists that exhibit no dependence on the
azimuthal angles, ¢; and ¢,. This scenario arises when all the coefficients in Eq (17) become zero except
for those with m = 0. Since all the ¢, coefficients are non-negative and the squared Legendre polynomials
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reach their maximum at § = 0 and m, the intensity will peak at the poles regardless of the specifc values of
the ¢ coefficients. Conversely, the equatorial region will be dim, and complete darkness will be observed
at the equator if the coefficients ¢y are zero for all even / indices [33]. This class of sources exhibits
complete coherence for all points located on the same latitude. Beyond that latitude, it gradually becomes
more incoherent as the number of considered modes increases. Additionally, at a latitude symmetrical to
the equator, the source remains fully coherent, that is [u($; = %) = |u($H =1 — )| = 1.

Fig 1. (a) The spectral density on the surface of a spherical source, as described by Eq (18), with all coefficients
being ¢, = 0, except for ¢s , =1 and ¢s , = 0.5. (b) The absolute value and (c) the phase of the corresponding
degree of coherence when ¢, = 0 and 3, = /2.

Another interesting case appears when only modes with m = / enter the expansion given by Eq
(17). Then the following relation can be used [51]

Y (9, p) < sin’ 3 ", (1=0, 1,...), (19)

where a proportionality factor have been omitted. In this case, the spectral density reaches its maximum
near the equator, and the degree of coherence presents complex structures [33].

Fig 2. Absolute value (a-c) and phase (e-f) of the degree of coherence as a function of a point on the source
surface when the other one has coordinates ¢, = 0 and %, = /2. Only the terms with / = [, are present in the
sum: lp =2 (a, d); Iy =5 (b, e); Iy = 20 (c, 1).
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A third interesting situation arises when only one value of index / is considered in Eq (17). In this
case, there is a contribution of 2/ +1 angular modes that share the same radial dependence. Consequently,
it is possible to achieve perfect radial coherence while allowing for a decrease in angular coherence as
the number of angular modes increases. To illustrate this concept, Fig 2 shows the absolute value of the
degree of coherence for the source defned by Eq (17), where ¢, = f,, J;, A and d,,, is the Kronecker delta.
The coefficients f,, are chosen in such a way that all the angular modes involved carry the same energy.
It can be noted that for lower values of [, two extensive regions exist with high coherence (see Fig 2(a)).
However, as the value of /, increases, these two regions become smaller and smaller, and the coherence
outside these regions decreases to a negligible level (see Fig 2(b) and (c)). On the other hand, the phase
shows an increasing number of vortices (see Fig 2(d)-(f)). Similar results are obtained for arbitrary choices
of f,, (even when they are randomly chosen [33]).

4 Cylindrical sources

In this section, we will represent a generic point in cylindrical coordinates as r = (r, ¢, z), where
r is the radial distance to the z-axis, ¢ is the azimuthal angle, and z is the axial coordinate or height. Let
us examine a cylinder with radius a that extends infnitely along the z-axis (refer to Fig 3). Thanks to its
cylindrical symmetry, we assume that the emitted field remains independent of the z coordinate. Consequently,
the electric field in the external space can be expressed as a function solely of 7 and ¢. This scenario requires
a vectorial treatment and polarization effects must be taken into account.

Fig 3. Section of an infnitely long cylinder of radius a showing the generated electric
field components at an arbitrary point (r, ¢).

In this geometric confguration, three possibilities can be considered (see Fig 3): the electric field
is parallel to the z-axis (£ polarization); the magnetic field is parallel to the z-axis (H polarization), leading
to an electric field vector with radial and azimuthal components perpendicular to the z-axis; both the above
polarizations are present simultaneously.

Let us start with the simplest case of E polarization. According to [50,53] the outgoing irradiated
field can be expanded into the series

0 .
E(r,9)= 2 biH,(kr)e"™Z  (rza), (20)
n=—0o0
with a suitable set of b, coefficients. This z-component of the field can be written as
E(r,p)= > Z,(k)e";  (r=a), Q1)
n=-om
where
H, (kr)
¢, =b,H,(ka); Z,K)=+"~ 22)

H,(ka)
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The ¢, coefficients correspond to the standard Fourier coefficients of £, along a circle with a radius of » =
a, because for all n, Z,(ka) = 1.

Similar expansion can be used in H polarization to express the magnetic induction B along the
z-axis, namely,

0

B.(r,9) = X dZ,(k) ¢ 2 (> a), (23)

with a different set of coefficients {d,}.
If the field propagates in vacuum, the corresponding electric field can be evaluated as [50.51]

Et (r) = % V x Bz(r) (24)

with ¢ being the speed of light. This results in two transverse components

ic OB, * )
E,(r, )= :702 ndn@emq)’

kr a(p n=—cw 25)
ic OB, 2 , )
E, (o) =~ 1 Fol zcn;wdn Z',(kr) "

the prime denoting derivative with respect to the argument.
As for the case of E-polarization, we can set

a, =—icd,, (26)
and R

R, (kr) = [ﬁ # 27

Taking into account the contributions of the two polarizations, as illustrated in Fig 3, we can
formulate the following expressions for the three components (namely, radial, tangential, and axial) of the
electric field throughout space:

0

E,(r, )= Z a,R,(kr) ei”‘”,
E, (r, 9) :n;wanébn(kr) eiw’ (28)

E. (r, 9) = 2. c,Z,(kr) €™

In the following, the functions R, @,, and Z, will be referred to as the radial, tangential, and axial
basis functions of the field, respectively.

The behavior of these functions in propagation has been thoroughly examined in prior studies [33-
36]. A low-pass filtering effect concerning the index » has been observed [33,34]: as the index n exceeds
the value of ka, the corresponding basis function exhibits a progressively sharper decrease in the proximity
of the cylinder surface. This implies that while basis functions with various index values contribute to the
field near the source surface, only those with low index values remain significant at a short distance from
the cylinder surface.

Conversely, the absolute values of the tangential and axial basis functions decrease with /2 when
kr >> n, while the radial component decreases as 7>, rendering it less and less significant after a certain
propagation distance (several times the cylinder radius). This indicates that at a considerable distance from

the cylinder surface, the electric field is essentially orthogonal to the radial direction [35,36].

A partially coherent field is achieved when the coefficients a, and ¢, become random variables. The
following are the explicit expressions of the nine elements of the CSD matrix in Eq (4), for the most general case:
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W, 1y 1) = A @) Ry (R, (k) €701 im0

n,m

Woglris 1) = 3405 ) @00 br) €01
W1, 72) = 3ACh ) 2y Z, fhr) €01 im0 (29)
VVI‘(ﬂ(rla 7’2) :an<a;kz am> R;(krl)(pm(er) eiimﬂﬁ img

VVrz(rls 1”2) = Z(a; Cm> R; (kr)Z,,(kr2) et e

n,m

W1, 12) = DAy, ¢ B, (ki)Z, (kry) e mor™ s

W(pr(rla 1’2) = VVWJ*(FZ: rl)s Wzr(rl» 1"2) = VVrz*(FZ» 7"1) > sz(rls rZ) = W(pz*(rb 1’1)

Depending on the choice of correlations {a}a,,), (¢} c,,) and {(c} a,), a wide variety of behaviors
can be found.

A first interesting choice is a, = 0 for any n, so that {a}a,,) = (¢} a,) = 0, V(n, n), in which case
only the axial component of the field remains (see Fig 3). This case can be treated as a scalar source [34]
which is totally polarized (PQ = PL =1) everywhere [35,36]. Some interesting results have been found for
this family of sources. For example, when all the modes are considered perfectly uncorrelated ({c?c,,) =
Y,0,.m» being 6, the Kronecker delta), the CSD becomes angularly homogeneous, that is, it depends on the
angular shift Ap = ¢, — ¢;. Moreover, if (¢} c,) = 4 for |n| < N and (¢} c,) = 0 otherwise, the degree of
coherence nearly follows a sinc behavior on the cylinder surface and approaches a besinc behavior as the
propagation distance increases [34]. A low-pass filtering effect is also observed in propagation. Although
modes of any order contribute to the CSD on the cylinder surface, only those modes with order upto ka
significantly contribute to the spectral density and to the degree of coherence after a given propagation
distance [34].

A second interesting possibility is ¢, = 0 for any n (so that (¢} c,) = (¢} a,) = 0, ¥V (n, m), in
which case the axial component vanishes (see Fig 3) and the electric field lies in a plane perpendicular to
the cylinder axis. This field is, in general, partially polarized and its degree of polarization evolves during
propagation in a way depending on the choice of (@} a,,). For example, if (a’a,,) = An®3,,, for |n| < N and
{a}, a,) = 0 otherwise, the degree of coherence reaches a minimum value in propagation if the number of
modes is close to or over 2ka. This minimum value is 0.5 if the degree of polarization is calculated as Eq
(7) or zero if it is calculated according to Eq (10). Note that in this case, the electric field is a 2D field (the
axial component vanishes), so according to the definition in Eq (7), this field is still partially polarized.

A more general class of cylindrical partially coherent sources arises when all the involved expansion
coefficients are mutually uncorrelated, that is, when in Eq (29) we take,

<a:, am) = anénm’ <C;cm> = ynénm and <CT, am> = Oa (30)
where o, and y, are positive quantities and J,,, is the Kronecker delta. This choice corresponds to considering
the partially coherent field as the result of incoherent superposition of perfectly coherent and perfectly
polarized vector modes [54,55]. In this case, CSD matrix becomes angularly homogeneous, that is, it
depends only on the angular difference, Ap = ¢, — ¢, [35,36] and then, the polarization matrix and the
spectral density are independent of the azimuthal angle. The evolution of the spectral density as well as the
polarization properties with the propagation distance have been studied through several examples in [35,36].
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A simple class of angularly inhomogeneous CSDM’s is obtained if the correlations are chosen as
<atl am) = al‘l (5nm + 5!1, —m)’ <Ctzcm> = yﬂ((sﬂﬂl + 5/’!, —m)’ <ctlaﬂ1> = ﬁn(énm + 5/1, —Wl)’ (31)
with ag =y = fo. In this case the CSDM results
0
W(ry, 1) = 2 Wa(r1, r2)cos(ng;)cos(ng,) (32)
where =l
(a, R, (k)R (kry) @R, (kry) D (krs)  B.R (kry) Z,(kry)
(v, 1) =| an @' k)R, k) a,®, (k) Dlkry)  p,, (k) Z,(kr) (33)
P Z, (kr)R(kry) i Z, k) Dykrs) 4, Z," (k) Z, (k)

Figure 4 shows the spectral density (a-d) and the 3D-degree of polarization (e-f) in the region a
<r < Sa, for a source with a CSDM as in Eq (32) with ka =100 and the coefficients such that 5, = 0 and
o, =n,y, =n, forn <N and a, = y, = 0 otherwise. Plots refer to different values of N: N =3 (a, e); N =5
(b-f); N =10 (c, g); N =15 (d, h). The behavior of the spectral density reveals the presence of 2N radiation

lobes, two of which carry higher power, while the polarization degree presents angular dependence and
increases with increasing the number of modes. Such behaviors, however, can be significantly varied by

acting on the correlation coefficients.
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Fig 4. Spectral density (a-d) and 3D-degree of polarization Py (e-h) in the region, a < r < 5a, for a source with
CSDM given in Eq (32) with k, = 100 and the following coefficients: 8, = 0 and &, = n, y, = n* for n <N, and a,
=1y, =0 for n > N. Plots refer to different values of N: N =3 (a,e); N =5 (b-f); N =10 (c,g); N = 15 (d,h).

5 Conclusions

Two classes of partially coherent nonplanar sources have been introduced. The first one is defined
on a spherical surface, and the CSDs of the sources belonging to this class can be obtained by superimposing
spherical harmonic functions with non negative weights. In some cases, depending on the choice of the
weights, the resulting CSD takes a simple analytical form. By considering the propagation of each spherical
harmonic function the expression of the propagated CSD can be evaluated in a straight forward way. In
particular, this approach enables the analysis of the radial coherence features of the propagated field. It is
worth noting that when the mode superposition is limited to spherical harmonic functions with the same /
value, the radiated field exhibits perfect radial coherence during propagation, while its angular coherence
is only partial.
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The second class includes partially coherent electromagnetic sources across the surface of a cylinder.
Due to the different behaviors of the three components of the electric field across the source and during
propagation, the spectral density and the degree of polarization may present very diverse features. A quite
general class of cylindrical sources has been found that can be described as an incoherent superposition
of coherent vector modes, expressed in terms of Hankel functions. By manipulating the mode coupling
coefficients, it becomes possible to control spectral density, coherence, and polarization characteristics of
the radiated field, for any polarization state of the source. Such a possibility makes the presented models
interesting for applications in several applications, such as directional illumination and sensing.
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